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Abstract: In this note we consider the problem of extracting the corrections to CFT
data induced by the exchange of a primary operator and its descendents in the crossed
channel. We show how those corrections which are analytic in spin can be systematically
extracted from crossing kernels. To this end, we underline a connection between: Wilson
polynomials (which naturally appear when considering the crossing kernels given recently
in arXiv:1804.09334), the spectral integral in the conformal partial wave expansion, and
Wilson functions. Using this connection, we determine closed form expressions for the
OPE data when the external operators in 4pt correlation functions have spins J1-J2-0-0, in
particular the anomalous dimensions of double-twist operators of the type [OJ1OJ2 ]n;` in
d dimensions and for both leading (n = 0) and sub-leading (n 6= 0) twist. The OPE data
are expressed in terms of Wilson functions, which naturally appear as a spectral integral
of a Wilson polynomial. As a consequence, our expressions are manifestly analytic in spin
and are valid up to nite spin. We present some applications to CFTs with slightly broken
higher-spin symmetry. The Mellin Barnes integral representation for 6j symbols of the
conformal group in general d and its relation with the crossing kernels are also discussed.
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1 Introduction
An important observation of the analytic bootstrap programme is that the inverse spin of
primary operators, 1=`, is a \good" perturbative expansion parameter. It was rst observed
in [1, 2] how, under the assumption of unitary, the crossing equations simplify in the limit
of large ` and are re-organised in terms of so called double-twist and generically multi-
twist operators. Double-twist operators furthermore organise into analytic families which
asymptote to free bound-states.1 The large spin bootstrap has explained many striking
features of results in the numerical bootstrap programme [7],2 which hold with remarkable
accuracy down to very low spin `  2. Simply speaking, the large spin bootstrap captures
the analytic data of CFTs which are highly constrained by causality and unitarity [7, 10, 11].
From a dual AdS perspective these data also constrain Eective Field Theory in AdS,
prescribing how higher derivative contact interactions organise into analytic families.
The aim of this note is to work out the explicit relation between crossing kernels of
conformal partial waves and the above large spin bootstrap problem, extracting expressions
for the corresponding OPE data that is analytic in spin. Such crossing kernels were recently
given explicitly in terms of the hypergeometric function 4F3 in [12], for both scalar and
spinning external operators.3 We argue that Wilson polynomials provide a natural basis
for such crossing kernels, which allows us to obtain closed formulas for the OPE data of
double-twist operators in terms of Wilson functions. Explicit formulas in terms of Wilson
functions are derived both for external scalar operators and for the case in which two of
the external operators have arbitrary integer spin. We discuss some applications of our
results to CFTs with slightly broken higher-spin symmetry. For the reader convenience we
also detail in an appendix the Mellin Barnes integral representation for 6j symbols of the
conformal group in general d and its link with the crossing kernels used in this work.
1.1 Anomalous dimensions from crossing kernels
For ease of presentation let us consider for now the simple case of four-point correlators of
identical scalar primary operators O of scaling dimension ,
hO (x1)O (x2)O (x3)O (x4)i = A (u; v) 
x212
  
x234
 ; (1.1)
with cross ratios
u =
x212x
2
34
x213x
2
24
; v =
x214x
2
23
x213x
2
24
: (1.2)
In section 3.4 and section 4.2 we shall also consider four-point correlators in which two of
the operators have arbitrary integer spin. Associativity of the operator product expansion
implies the crossing equations
u

1 +
X
 0;`0
a 0;`0G 0;`0 (v; u)

= v

1 +
X
;`
a;`G;` (u; v)

; (1.3)
1See also the earlier works [3{6].
2See e.g. the comprehensive reviews [8, 9] and references therein.
3For related earlier work on crossing kernels and 6j symbols of the conformal group, see e.g. [13{17].
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where we have separated the contribution of the identity operator. The G;` are conformal
blocks encoding the exchange of a conformal multiplet with lowest weight primary oper-
ator of twist  and spin `. The r.h.s. is the s-channel conformal block expansion of the
correlator (1.1) and the l.h.s. is the conformal block expansion in the t-channel.
As shown in [1, 2] the identity contribution in the t-channel entails the existence of
\double-twist" operators [OO]n;`, whose scaling dimensions and OPE coecients approach
the mean eld theory values in the limit of large `:
n;` !  (0)n;` ; (1.4a)
an;` ! a(0)n;`; (1.4b)
where 
(0)
n;` = 2 + 2n in this example of equal external operators and the a
(0)
n;` have been
computed in [18{20].4
a
(0)
n;` =
2`( 1)n()2n
  d2 +  + 12n (n+ )2`
`!n!
 
d
2 + `

n
(d  2n  2)n(`+ 2n+ 2  1)`
  d2 + `+ n+ 2n : (1.5)
Corrections to the above are induced by operators in the OPE of O with itself ex-
changed in the crossed channels. In particular, for an operator of twist  0 we have the large
spin expansion [21]
n;` = 
(0)
n;` + n;` (1.6a)
n;` =  c
(0)
n
J 0
 
1 +
1X
k=1
c
(k)
n
J2k
!
; (1.6b)
which naturally organises itself in terms of the conformal spin J, whose dependence on `
is given by
J2 =
 
`+
n;`
2
  
`+
n;`
2   1

: (1.7)
For external scalar operators, the leading contributions c
(0)
n were determined in [1, 2, 22].
The corrections c
(k)
n for leading double-twist operators (i.e. n = 0) were considered
in [23, 24] in general dimensions d, while for specic dimensions there are results avail-
able for general n [19, 25{27].5 There has been some progress for external operators of low
spin, where in [30] leading contributions c
(0)
0 for mixed correlators involving external spin
one currents and the stress tensor were extracted in d = 3. Leading contributions c
(0)
n for
external Fermions and general n have been determined in d = 4 [31].
It was recently claried in [11] that the CFT data fn;`; n;`g above is analytic in
spin, and thus the large spin expansion (1.6) is an asymptotic expansion of a function
that is analytic in the conformal spin J (see also [32]). In this work we provide the latter
analytic expressions for the OPE data using recent results [12] for the crossing kernels of
conformal partial waves in general dimensions d, which include external spinning operators
4For the results on the mean eld theory OPE coecients of operators [OJO] with primary operator OJ
of arbitrary spin J , which we employ in section 3.4 and section 4.2 of this work, see [12].
5For related work see [28, 29].
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Figure 1. s-channel decomposition of the exchange of an operator of twist  0 and spin `0 (+de-
scendents) in the crossed channel.
and kernels for double-twist operators with general n.6;7 At large spin, the 1=J expansion
of our results gives the extension of the corrections c
(k)
n listed in the above paragraph to
these more general cases (external spins, sub-leading twists n 6= 0 and general d).
Approach. We are considering the following decomposition problem8u
v
  
a 0;`0G 0;`0 (v; u)
 X
n;`
an;`Gn;`;` (u; v) ; (1.8)
where above the l.h.s. gives the contribution of a conformal block in the t-channel and the
r.h.s. gives its expansion in terms of primary operators in the s-channel.
Considering now small corrections to the conformal data with respect to their mean-
eld theory values, we can write:
an;`Gn;`;` (u; v) (1.9)
=u+n

n;`
2
a
(0)
n;` f2+2n;`(v) log u+ n;` a
(0)
n;`
1
2
@n (f2+2n;`(v)) + a
(1)
n;`f2+2n;`(v)+O (u)

:
The collinear conformal block f;`(v) is dened by the small u limit of the s-channel con-
formal block G;` (u; v) [35]:
f;`(v) = lim
u!0
u =2G;` (u; v) = (1  v)` 2F1

 + 2`
2
;
 + 2`
2
;  + 2`; 1  v

; (1.10)
6For external scalar operators, earlier works have obtained re-summations for certain scaling dimensions
and dimensions d by considering an explicit re-summation of the series (1.6) [23, 26], and also in [11, 27]
using the inversion formula [11]. We reproduce these results and moreover extend them to more general
cases. See also [12, 33] for anomalous dimensions of nite spin double-trace operators in large N CFTs
induced by double-trace ows.
7It is important to keep in mind that, from the perspective of crossing symmetry, the analytic results
which we shall present have to be supplemented with solutions that have nite support in spin [19]. These
contributions however can be further constrained by causality and can be reduced to a nite number [11].
In this work we shall not consider these nite spin contributions.
8In equation (1.8) we use the weak equality \" instead of \=" to emphasise that technically this identity
can only be used when considering single-valued sums of conformal blocks [34], like within a 4pt correlator.
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so that (1.9) gives the contribution from the double-twist primary operators [OO]n;`. The
O(u) terms in (1.9) correspond to contributions of its descendents.9
For simplicity, in this introductory section we focus explicitly on the procedure for
extracting the OPE data f0;`; a(1)0;`g of the leading double-twist operators [OO]n;` with
n = 0 from the l.h.s. of equation (1.8). The case of general n > 0 (subleading twists) is
considered in section 2.5 and involves the additional technical step of projecting away the
contributions from conformal multiplets of each lower twist n0 < n.10 The point is that
contributions from sub-leading twists mix with the contributions from the descendents
of the lower twist conformal multiplets and so they have to be disentangled. After this
projection, the procedure follows in the same way as for the n = 0 case described here.
From equation (1.9) we see that anomalous dimension 0;` can be read o from the
u log u term in the s-channel expansion of the t-channel conformal block on the l.h.s.
of (1.8), while the corrections a
(1)
0;` to the OPE coecients are encoded in the terms propor-
tional to u. To extract them the contribution from @n (f2+2n;`(v)) has to be disentangled,
for which one employs the identity11 [23, 24]
0;` a
(0)
0;`
1
2
@n (f2+2n;`(v))

n=0
=  0;`
2
a
(0)
0;` f2;`(v) log(1  v): (1.11)
The f0;`; a(1)0;`g contributions can then be disentangled in the crossing equation (1.8) as
X
`
0;`
2
a
(0)
0;` f2+2n;`(v) = A0 (v) ; (1.12a)X
`
a
(1)
0;` f2+2n;`(v) = B0 (v) A0 (v) log (1  v) ; (1.12b)
where
A0 (v) =
u
v
  
a 0;`0G 0;`0 (v; u)

u log u
; (1.13a)
B0 (v) =
u
v
  
a 0;`0G 0;`0 (v; u)

u
: (1.13b)
At this point it is instructive to turn to the Mellin representation of CFT correla-
tors [36], which has proven to be an invaluable tool in the conformal bootstrap [17, 37{39].
See [12] for the notations and conventions we employ in this note. In Mellin space the
collinear conformal blocks f;`(v) are represented by orthogonal polynomials Q;` (s) [40]
9Recall that the contribution of a twist  operator in the s-channel is proportional to u=2.
10A way to do this was given in [12], which entails acting with so-called twist block operators whose
kernels contain any conformal block of a given twist.
11This identity can be obtained considering the conformal blocks as functions of conformal spin.
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(see also [41]),12 in terms of which equations (1.12) for f0;`; a(1)0;`g read13X
`
0;`
2
a
(0)
0;` Q2;`(s) = A0 (s) ; (1.16a)
X
`
a
(1)
0;` Q2;`(s) = B0 (s) +
1X
k=1
1
k
A0 (s+ 2k)
 
s
2 + 

k   s2  k ; (1.16b)
where A0 (s) and B0 (s) are the Mellin representations of A0 (v) and B0 (v):
A0(v) =
Z i1
 i1
ds
4i
v (s+2)=2 ~fg (s; 2)A0 (s) ; (1.17a)
B0(v) =
Z i1
 i1
ds
4i
v (s+2)=2 ~fg (s; 2)B0 (s) ; (1.17b)
with the reduced Mellin measure
~fig (s; t) =  
 
s+t
2

 
 
s+t+1 2 2+4
2

 
  s 1+2
2

 
  s 4+3
2

: (1.18)
The i are the twists of the external operators (in this discussion i = ).
Using the orthogonality of the continuous Hahn polynomials, the anomalous dimen-
sions 0;` are thus given by the Mellin integral
0;`
2
a
(0)
0;` =
( 1)`
`!
Z i1
 i1
ds
4i
~fg (s; 2)A0 (s)Q(2;2;0;0)` (s) ; (1.19)
which is the projection of the t-channel conformal block (1.17) onto the u log u contribu-
tion from leading double-twist operators [OO]0;` in the s-channel.
Instead of conformal blocks, it is often useful to expand conformal four-point functions
in terms of an orthogonal basis of single-valued functions known as conformal partial waves
(CPWs) [43{45]
A (u; v) =
X
`
Z d
2
+i1
d
2
 i1
d ~
2i
a`( ~)F ~;` (u; v) ; (1.20)
where the spectral integral in the exchanged dimension ~ is over the principal series.
The spectral function a`( ~) is meromorphic, whose poles in ~ correspond to the physical
exchanged operators with the OPE data encoded in the residues. See e.g. [11] for a more
12In particular
f;`(v) =
Z i1
 i1
ds
4i
v (s+)=2 ~fg (s; )Q;` (s) : (1.14)
The polynomial Q;` (s) can be expressed in terms of a continuous Hahn polynomial Q(a;b;c;d)` (s) [42],
Q;` (s) = ( 1)` `!

N
(;+1 2 3+4; 1+ 2;3 4)
`
 1
Q
(;+1 2 3+4; 1+2;3 4)
` (s); (1.15)
where i are the twists of the external operators and N
(a;b;c;d)
` is the normalisation of their bi-linear form.
See appendix D of [12] for the relevant properties, notations and denitions used in this note.
13The sum in (1.16b) arises from the Mellin representation of the Taylor expansion of log(1   v).
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recent discussion. Each conformal partial wave is a linear combination of a conformal block
and its shadow
F ~;` = G ~;` + #Gd  ~;`: (1.21)
The s-channel expansion of a t-channel conformal partial wave F ~;`0 (v; u) takes the same
form as in equation (1.8), though extracting the OPE data (1.16) now entails evaluating a
spectral integral. For example, for the anomalous dimensions (1.19) we have to evaluate:
0;`
2
a
(0)
0;` =
Z d
2
+i1
d
2
 i1
d ~
2i
a`0( ~)
(t)I ~;`0j` (t = 2) ; (1.22)
where I
(t)
~;`0j` (t) is the crossing kernel of a t-channel conformal partial wave F ~;`0 onto the
contribution from a spin-` exchange of dimension t in the s-channel (see [12]):14
(t)I ~;`0j` (t) =
( 1)`
`!
Z i1
 i1
ds
4i
~fg (s; t)F ~;`0 (s; t)Q(t;t;0;0)` (s) : (1.23)
The contributions from a CPW in the u-channel dier from (1.23) by a factor of ( 1)`+`0 .
The crossing kernels (1.23) were computed explicitly in [12] for general t, where they were
given in terms of the hypergeometric function 4F3. For example, for the simple case of
`0 = 0 and equal external scalars of dimension  we have
(t)I ~;0j` (t) =
( 2)` 

d+t 2  ~
2
2
 

t 2+ ~
2
2  
t
2
2
`
 ( ~)
`!  
 
d
2 + t  2

(t+ `  1)` 

d
2   ~

 

~
2
4
 4F3
 
 `; t+ `  1; d  ~2 + t2  ;
~
2 +
t
2  
t
2 ;
t
2 ;
d
2 + t  2
; 1
!
; (1.24)
which, as noted in [12], is proportional to a Wilson polynomial. Analogous expressions
for crossing kernels with general exchanged spin `0 in the crossed channel and for external
spinning operators are reviewed in appendix B. In appendix A we explicate how these
kernels are related to 6j symbols of the conformal group.
Given a crossing kernel, the task of extracting the OPE data thus boils down to
evaluating its spectral integral. One of the main results of this work is the evaluation of
the spectral integral of a generic crossing kernel, which has the form
(t)I0;`0j` (t) = n0;`0
Z 1
 1
d
2
a`0()
(t)bI d
2
+i;`0j` (t) ; (1.25)
where n0;`0 and the hat on the crossing kernel denotes a convenient choice of normalisation
which, is dened in section 2.1. Note that the spectral parameter  is related to ~ in (1.20)
via ~ = d2 + i,  2 R. The spectral function a`() has the form
a`0() = a 0;`0 wai ()
1
2 + (0   d2)2
1 
d
2 +i   1

`0
; (1.26)
14It should be emphasised that the crossing kernels (1.23) are functions of t, where t is not xed to any
particular value. The poles in t are encoded in the full Mellin measure (A.4), which in the illustrative
example above are located at t = 2+2n with n 2 Z0. The example anomalous dimension given in (1.22)
is for double-twist operators of leading twist (n = 0).
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where a 0;`0 is the OPE coecient of the physical operator of spin `
0 and twist  0 = 0  `0
exchanged in the crossed-channel (1.8), and we have identied a spectral weight function
wai() =
 
 
a1  i2

 
 
a2  i2

 
 
a3  i2

 
 
a4  i2

 (i) ; (1.27)
whose signicance will become apparent shortly and we have employed the usual notation
 (a b)   (a+ b) (a  b). The form (1.26) of the spectral function was xed by Polyakov
in [46] by requiring that it decays exponentially as  ! i1 so that the integral in  along
the real line is well-dened.15
To evaluate the spectral integral (1.25), a key observation is that the spectral weight
function we singled out in (1.26) is the measure with respect to which Wilson polynomi-
als [49] are orthogonal. Wilson polynomials of degree ` are dened as
W`(2; ai) = 4F3
 
 `; a1 + a2 + a3 + a4 + `  1; a1 + i2 ; a1   i2
a1 + a2; a1 + a3; a1 + a4
; 1
!
; (1.28)
and in our normalisation the precise orthogonality relation reads:Z +1
 1
d
2
wai()W`(2; ai)W`0(2; ai)
= `;`0
`!(a2 + a3)`(a2 + a4)`(a3 + a4)`(a1 + a2 + a3 + a4 + `  1)`
(a1 + a2)`(a1 + a3)`(a1 + a4)`(a1 + a2 + a3 + a4)2`
 4  (a1 + a2) (a1 + a3) (a1 + a4) (a2 + a3) (a2 + a4) (a3 + a4)
 (a1 + a2 + a3 + a4)
: (1.29)
As we shall demonstrate, all crossing kernels determined in [12] are naturally expressed in
terms of nite sums of Wilson polynomials in the form
(t)bI d
2
+i;`0j` (t) =
X
j
j (t) Wj(2; ai); (1.30)
where the parameters ai match those of the measure (1.27) and the number of terms in the
sum depends only on `0, ensuring analyticity in `. An example of this type of decomposition
that we have already seen is the crossing kernel (1.24). This observation reduces the
spectral integral (1.25) of the crossing kernel into a nite sum of spectral integrals of the
Wilson polynomial with respect to the measure (1.27). The latter spectral integrals can be
evaluated in closed form, which we carry out with full generality in section 2.2. In all cases
such integrals are nite sums of Wilson functions, which are the analytic continuation of
Wilson polynomials (1.28) to non-integer `.16
15Remarkably, though in hindsight perhaps to be expected, this spectral function coincides with the
spectral function arising from a Witten diagram for the exchange of a particle of spin-`0 and mass
(mRAdS)
2 = 0(0   d)   `0 in AdSd+1, as noted in [38, 39]. Such spectral functions have been com-
puted for exchange Witten diagrams involving scalar external legs in [47] and spinning external legs in [48].
16As we shall see in section 2.2, Wilson functions are moreover a particular case of the  -function dened
on page 127 of Lucy Slater's [50], which decomposes into a sum of two 1-balanced 4F3 Hypergeometric
functions and has many other interesting and useful properties.
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The above perspective could give a further understanding behind the appearance of
Wilson functions [15, 17, 51{53] and Wilson polynomials [12, 33] in various expressions
available in the literature for crossing kernels/6j symbols. We emphasise that, as a con-
sequence of choosing Wilson polynomials as a basis for the crossing kernels, our results
provide explicit analytic in spin expressions in general d for the spectral integral (1.25) and
corresponding OPE data that are in particular valid (i.e. nite) for all values of scaling
dimensions and spins.
Large spin expansion. In section 3 of this work we consider above results for the spec-
tral integral (1.25) of crossing kernels at large spin. We highlight an alternative way to
obtain the large spin expansion from the crossing kernels [12], which does not involve evalu-
ating a spectral integral. In particular, at large spin the additional contributions generated
by the shadow conformal multiplet in the conformal partial wave in the denition (1.23)
can be projected away by hand.17 This moreover provides a re-summation of the large spin
expansion which is analytic in spin for a large range of parameters (though not all, in which
case it is only valid asymptotically). To project away the shadow contributions at large
spin, we employ the Mellin representation of the hypergeometric function 4F3 appearing in
the crossing kernels:
4F3
 
a1; a2; a3; a4
b1; b2; b3
; z
!
=
 (b1) (b2) (b3)
 (a1) (a2) (a3) (a4)
(1.32)

Z
ds
2i
 (s) (a1   s) (a2   s) (a3   s) (a4   s)
 (b1   s) (b2   s) (b3   s) ( z)
 s :
E.g. for the `0 = 0 example crossing kernel (1.24) above we have (for t = 2):
a1 =  `; b1 =  (1.33a)
a2 = 2 + `  1; b2 =  (1.33b)
a3 =
d  ~
2 ; b3 =
d
2 (1.33c)
a4 =
~
2 (1.33d)
The representation (1.32) has two useful features:
17Such contributions also become manifest in the following asymptotic behaviour of the crossing ker-
nel (1.23) at large `
(t)I ~;`0j` (2) 

1
`
 ~ `0
 ()2 ( ~ + `0)
2`0 

~+`0
2
2
 

  ~ `0
2
2
 

1
`
d  ~ `0
 ()2 (d  ~ + `0)
2`0 

d  ~+`0
2
2
 

  d  ~ `0
2
2 ash.0;0;`0 + : : : ; (1.31)
from which one clearly identies the shadow contribution on the second line (cf. equation (1.6)). The
coecient ash.0;0;`0 is the shadow OPE coecient which is not important for this discussion and is dened
in [12], section 4.5.
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 It is manifest how the crossing kernel decomposes into the individual contributions
from the physical conformal block and its shadow appearing in the conformal partial
wave (1.21), whose respective families of primary and descendants are captured by
the poles of individual and distinct  -functions in the Mellin variable s. Closing the
contour in the positive s plane, such contributions are encoded in the residues of
 (a3   s) and  (a4   s), respectively. For instance, for the simple case of a scalar
exchange (1.24), such poles are:
 
 
~
2
  s
!
! physical block; (1.34a)
 
 
d  ~
2
  s
!
! shadow block: (1.34b)
In this way we recover contribution of a single conformal block by simply dropping
the shadow residues. It is also useful to note that in a large spin expansion the poles
of  (a2  s) can be dropped. We have moreover checked that they give contributions
which vanish for integer `.18 This will also be discussed in the next bullet point.
 The Mellin representation allows to systematically determine the asymptotic expan-
sion in 1=J2 from the known [54] asymptotic behaviour (C.4) of the following simple
ratios of  -functions:
 (a1   s) (a2   s)
 (a1) (a2)
 ( 1)s  (1  a1)
 (1  a1 + s)
 (a2   s)
 (a2)
; (1.36)
where (schematically) a1   ` and a2  `. In all examples a1 and a2 are the
only entries of the hypergeometric function that depend on `. On the right hand
side we have conveniently removed the essential singularity around ` ! 1 with a
replacement that does not aect the residues at s =  n for n 2 N. In appendix C
we review how to obtain the expansion of (1.36) in 1=J2, which is given in terms of
generalised Bernoulli polynomials.19
In terms of coecients ai and bi, with (schematically) a1   `, a2  `, a3  d  ~2 and
a4  ~2 (which is the case for all crossing kernels), the projection onto the contribution of
18In the simplest example of the scalar exchange these poles are encoded in:
 (`+ 2  1  s) ; (1.35)
and their re-summation gives terms proportional to 1= ( `) which vanish for integer `. We shall drop these
contributions from the Mellin integral keeping only those of the physical conformal block.
19The utility of the asymptotic behaviour of simple ratios of Gamma functions was noted in [24] where
it was used to determine the large spin expansion of the Mack polynomials (1.15), which can be expressed
explicitly in terms of the hypergeometric functon 3F2.
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a single physical conformal block is simply the replacement:20
4F3
 
a1; a2; a3; a4
b1; b2; b3
; 1
!
!
   (1  a1) (b1) (b2) (b3) (a2   a4) (a3   a4)
 (a2) (a3) ( a1 + a4 + 1) (b1   a4) (b2   a4) (b3   a4)
 4F3
 
a4; a4   b1 + 1; a4   b2 + 1; a4   b3 + 1
 a1 + a4 + 1; a2 + a4 + 1; a3 + a4 + 1; 1
!
: (1.38)
The above projection operation, with due care about the analytic continuation of the hy-
pergeometric function when varying its arguments, can be straightforwardly performed on
the crossing kernels expressed in terms of 4F3 to obtain a re-summation of the 1=J
2 expan-
sion (1.6) for the double-twist operator anomalous dimensions induced the exchange of a
physical conformal block (1.8) in the crossed channel. We stress that, although it is not
analytic in spin for all values of the parameters (in which case the resulting expression is
only valid asymptotically), in many cases this re-summation matches the analytic result
in spin which we obtain by evaluating the spectral integral as in (1.22).21 For all applica-
tions of our results considered in section 4, the re-summation of the large spin expansion
obtained in the way described above coincides with the analytic results obtained instead
by evaluating the spectral integral (1.25).
1.2 Outline and summary of results
 In section 2.1 we discuss the spectral integral of generic crossing kernels, underlining the
connection between crossing kernels and Wilson polynomials. In particular, we highlight
that the spectral integral can be regarded as an inner product of the crossing kernel with
the physical poles in , where the spectral measure is given by the Wilson measure (1.27)
(t)I0;`0j`(t) 
*
1
2 +
 
0   d2
2
 (t)bI d2 +i;`0j` (t)
+
; (1.39a)


p(2)jq(2) = Z +1
 1
d
2
wai() p(
2) q(2): (1.39b)
 In section 2.2 we detail the general approach to evaluating such spectral integrals. We
show how crossing kernels are naturally decomposed as a nite sum of Wilson polyno-
mials. This reduces the task of evaluating the spectral integral of crossing kernels to
20Equation (1.38) is obtained by re-summing the following series associated to the non-shadow poles
   (b1) (b2) (b3)
 (a1) (a2) (a3) (a4)
X
n
( 1)2 n (1 a1) (a1) (a4+n) (a2 a4 n) (a3 a4 n)
n! ( a1+a4+n+1) ( a4+b1 n) ( a4+b2 n) ( a4+b3 n) ; (1.37)
after removing the essential singularities as explained in footnote 18.
21The mismatch can be ascribed in general to the poor behaviour of conformal blocks at innity. This
can generate boundary terms in the Mellin or spectral plane, which are cured by including the double-twist
poles in the spectral measure as in (1.27).
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the evaluation of the spectral integrals of Wilson polynomials, which we refer to as seed
integrals `(ai):
`(ai) =
Z +1
 1
d
2
wai()
1
2 +
 
0   d2
2W`(ai): (1.40)
We show that such spectral integrals of Wilson polynomials are given by Wilson functions
(see e.g. eq. (3.2) of [55]), which provide an analytic continuation of the Wilson polyno-
mial in its degree `. These features ensure that the spectral integral of the corresponding
crossing kernel is analytic in spin `. Wilson functions admit various convenient explicit
forms [55], for example: as a (\very well poised") hypergeometric function 7F6, a com-
bination of 1-balanced (Saalschutzian) hypergeometric functions 4F3 or, less explicitly,
in terms of integrated products of hypergeometric functions 2F1.
 In section 2.3 we consider the case of equal external scalar operators. Using the result
for the spectral integral of the corresponding crossing kernel, we extract the anomalous
dimensions of leading double-twist operators [OO]0;` induced by the exchange of a scalar
with arbitrary twist  0 in the crossed channel
0;` = 
2  ( 0) 
 
 0 + 1  d2

 (d2) 
 
 0
2
4
 

2  0
2
2
 

2+ 0 d
2
2
 `

d
4
;
d
4
;  d
4
;  d
4
;
2 0   d
4
;
2 0   d
4

(1.41)
Here  is the scaling dimension of the external operators O and the result is for arbitrary
d. This expression is manifestly analytic in spin-` from the denition of `, which is a
Wilson function.
 In section 2.4 the results of section 2.3 are generalised to the case where the exchanged
operator of twist  0 in the crossed channel has arbitrary spin `0. This induces the following
expression for the anomalous dimensions of leading double-twist operators [OO]0;`:
0;` = 2n 0;`0
2`0X
j=0

(`0)
`;j ` j

d+2`0
4 ;
d+2`0
4 ;  d 2`
0
4 ;  d 2`
0
4 ;
 0+`0 2d
2 ;
 0+`0 2d
2

; (1.42)
where the coecients 
(`0)
`;j are the expansion coecients of the crossing kernel in terms
of Wilson polynomials, which are derived in appendix B.4. The coecient n 0;`0 is a
normalisation and is given explicitly in (2.40). The result is a nite linear combination
of Wilson functions ` j and therefore manifestly analytic in spin `.
 In section 2.5 we consider the generalisation of the results in section 2.3 to double-twist
operators [OO]n;` of sub-leading twist. I.e. for all n 6= 0. The anomalous dimensions of
these operators induced by the exchange of a scalar of twist  0 in the crossed channel are
given by:
n;` = 2n 0;0
2nX
i=0

(`;n)
i `+i

d
4
;
d
4
;  d
4
;  d
4
;
2 0   d
4
;
2 0   d
4

; (1.43)
where the normalisation coecient n 0;0 is given explicitly in equation (2.31).
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 In section 2.6 we consider external spinning operators, focusing on the case where there
are two operators of (totally symmetric) spin J1 and J2 together with two other scalar
operators. Focusing on the contributions to leading twist operators in the s-channel
induced by the exchange of a scalar of twist  0 in the crossed channel, we evaluate the
spectral integral of the corresponding crossing kernel. When extracting OPE data in this
case, there is an operator mixing problem which we discuss in detail (see also [27] for a
recent related discussion). Because of operator mixing, the result for the spectral integral
only gives access to \averages" of the anomalous dimensions of double-twist operators
[OJ1OJ2 ]` at that order, which we nd are proportional to a single Wilson function:
c
(0)
OJ1OJ2 [OJ1OJ2 ](`)
c
(0)
OO[OO](`)0;`
= 2n 0;0 ` `

d
4
+ J1;
d
4
+ J2; d
4
+ J1 + ; d
4
+ J2 + ;
2 0   d
4
;
2 0   d
4

; (1.44)
where we considered the case of equal external twists i = . The coecients
c
(0)
OJ1OJ2 [OJ1OJ2 ](`)
are the mean eld theory OPE coecients and the normalisation co-
ecient n 0;0 in this spinning case is given explicitly in equation (2.56)
 In section 3 we consider the above results at large spin. We moreover highlight an
alternative way to obtain the large spin expansion from the crossing kernels [12], which
does not involve evaluating a spectral integral. In particular, at large spin the additional
contributions generated by the shadow conformal multiplet in the conformal partial wave
in the denition (1.23) can be projected away by hand using the Mellin representation
of the hypergeometric functions in terms of which the crossing kernels [12] are given.
This alternative approach moreover provides a re-summation of the large spin expansion
which is analytic in spin (and thus coincides with the results obtained in section 2) for
a large range of parameters. When this is not the case this re-summation is only valid
asymptotically.
 In section 4 we consider applications of our results to CFTs with slightly broken higher-
spin symmetry in the large N limit. In section 4.1 we rst extract O (1=N) anomalous
dimensions of [OO]n;` double-trace operators for the critical Boson/Fermion and quasi
Fermion/Boson theories. In section 4.2 we consider external spinning operators, using
the results of section 2.6 to extract anomalous dimensions of leading twist [OJO]0;`
double-trace operators in the quasi Boson theory at O (1=N), where O is an operator of
arbitrary spin J . In each subsection we conrm existing results for these theories and
also obtain new ones.
Various complicated formulas and technicalities are collected in the appendices.
In appendix A we discuss the relation of our approach and the corresponding results
to 6j symbols of the conformal group.
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2 Spectral integrals and double-twist anomalous dimensions
In section 2.1 we write down the spectral integral (1.25) for a generic crossing kernel,
and provide a method to evaluate it in section 2.2 which is based on the decomposition of
crossing kernels in terms of a nite sum of Wilson polynomials detailed in appendix B.4. In
section 2.3 we consider explicitly the spectral integral of crossing kernels corresponding to
the contribution of a scalar exchange in the crossed channel to the exchange of leading twist
operators of general spin ` in the s-channel. The generalisation to exchanged operators of
spin-`0 in the crossed channel is presented in section 2.4. The generalisation to contributions
to operators of subleading twist is considered in section 2.5, and to spinning external
operators in section 2.6.
2.1 The spectral integral
Our goal is to evaluate the spectral integral
(t)I0;`0j` (t) = n0;`0
Z 1
 1
d
2
a`0()
(t)bI d
2
+i;`0j` (t) ; (2.1)
which we consider for both external scalar operators and when two of the external operators
have non-zero spin. The normalised crossing kernel in (2.1) is related to the original un-
hatted crossing kernel as obtained in [12] via
(t)bI d
2
+i;`0j` (t) =
d=2
 d
2
 i;`0`3;`4;`0;3;4; d2 +i `0
(t)I d
2
+i;`0j` (t) ; (2.2)
where the functions  and  are dened for instance in eq. (2.30) and eq. (A.13) of [12], and
arise from the shadow transform appearing in the integral representation of CPWs. This
normalisation is convenient as the crossing kernel is then a polynomial in  (in particular
with respect to the Wilson measure (1.27)), which facilitates its decomposition in terms of
Wilson polynomials.
The Polyakov spectral function a`0() is given by the spectral function arising from a
Witten diagram (cf. footnote 15) for the exchange of a spin-`0 particle of mass (mRAdS)2 =
0(0   d)   `0 in AdSd+1, which for external operators of twist i and spin Ji is given by
equation (3.29) of [48]22
a`0() =
2

1
2 +
 
0   d2
2 BJ1;J2;`0;1;2; d2 +i `0 B`0;J3;J4;d2 i `0;3;4 ; (2.3)
22For generic spins Ji one should also specify the three-point conformal structures of the conformal partial
wave in (1.23), which are parametrised by the ni in equation (3.29) of [48]. The crossing kernels we consider
in this work consist of three-point conformal structures that involve at most one spinning operator, in which
case the conformal structure is unique and corresponds to ni = 0.
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where we set for simplicity the bulk coupling constant to one. There is a non-trivial OPE
coecient a 0;`0 generated by the integration over the volume of AdS
a 0;`0 =
BJ1;J2;`0;1;2; 0B`0;J3;J4; 0;3;4
C0;`0
; (2.4a)
C0;`0 =
(`0 + 0   1) (0)
2d=2(0   1)   0 + 1  d2 ; (2.4b)
which one should factor out as in (1.26). The coecient on the second line is the two-point
function normalisation.
It is important to keep in mind that, when the exchanged spin `0 in the crossed channel
is non-zero, the spectral function a`0 () contains contributions from a nite number of
integer space spurious poles. We displayed these poles explicitly in (1.26), where they
encoded by the Pochhammer factor
1 
d
2  i   1

`0
: (2.5)
Such poles are non-physical when they do not overlap with the physical poles at d2i =  0+
`0, however their contribution cancels when considering the full Witten exchange diagram.23
We therefore need not consider the contributions from these poles when evaluating the
spectral integral. Since these poles are nite in number at xed spin `0, we can separate
them from the physical poles using the following expansion:
1
2 +
 
0   d2
2 1 d
2  i   1

`0
=
A`0; 0
2 +
 
0   d2
2 + `
0 1X
n=0
B
(n)
`0; 0
2 +
 
d 2
2 + n
2 (2.6)
where
A`0; 0 =
1
(0   1)`0(d 0   1)`0 ; (2.7a)
B
(n)
`0; 0 =  
4( 1)n(d+ 2n  2) (d+ n  2)
n!(0 + n  1)(d 0 + n  1) (`0   n) (d+ `0 + n  2) : (2.7b)
The expansion (2.6) makes sense whenever 0  d2 6= d2 1+n with 0  n  `0 1. Otherwise
one of the spurious poles collides with a physical pole, which generates a double-pole. This
corresponds to the appearance of (partially-)massless representations [56]. In the latter case
the result can be dened as a limit of the sum of the two colliding poles, which remains
non-singular in the limit (see e.g. section (4.3) of [12]).
With the above observation in mind, the spectral integral (1.25) of the crossing kernel
can be expressed in the form
1
n0;`0a 0;`0
(t)I 0;`0j`(t) = A`0; 0 (t)I
(phys.)
 0;`0j` (t) +
`0 1X
n=0
B
(n)
`0; 0
(t)I
(n)
 0;`0j`(t) ; (2.8)
23Technically speaking, the spectral function (2.3) is generated by the traceless and transverse part of the
AdS propagator in the Witten exchange diagram, which encodes the physical exchange of the single-particle
state. This is accompanied by a tail of contact terms, which are generated by the o-shell terms in the AdS
propagator. These contact terms cancel the spurious poles, see e.g. [47].
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where
(t)I
(phys.)
0;`0j` (t) =
Z +1
 1
d
2
wai ()
1
2 +
 
0   d2
2 (t)bI d2 +i;`0j` (t) ; (2.9)
is the contribution from the physical pole that we need to evaluate, and
(t)I
(n)
`0j`(t) =
Z +1
 1
d
2
wai ()
1
2 +
 
d 2
2 + n
2 (t)bI d2 +i;`0j` (t) ; (2.10)
are the contributions from the spurious poles which we can neglect, though the spectral
integral can be evaluated in exactly the same way!
In order to perform the above type of spectral integral, we express the hatted crossing
kernels (2.2) in terms of Wilson polynomials. In fact, for `0 = 0 it has already been
observed [12] (and in [33] for t = 2 and external scalars) that the corresponding crossing
kernels are proportional to a single Wilson polynomial. In appendix B.4 we show that for
non-zero `0 the crossing kernels can be expressed as a nite sum of Wilson polynomials of
the form
(t)bI d
2
+i;`0j` (t) =
X
j
j(t)Wj(2; a1; a2; a3; a4) ; (2.11)
where the number of terms in the sum is a function of `0, and not of `. In this way, the
spectral integral (2.1) of the crossing kernel acquires a very natural meaning as an inner
product with respect to the Wilson measure (1.27):


p(2)jq(2) = Z +1
 1
d
2
wai() p(
2) q(2): (2.12)
In particular
(t)I
(phys.)
 0;`0j` (t) =
*
1
2 +
 
0   d2
2
 (t)bI d2 +i;`0j` (t)
+
: (2.13)
which appears to select Wilson polynomials as a natural basis for crossing kernels. From this
perspective, crossing can be rephrased as the orthogonal projection of the physical spectral
poles onto the polynomial basis of crossing kernels! In hindsight, this property would
appear to give further clarity behind the appearance of Wilson polynomials in expressions
for crossing kernels given so far in the literature [12, 33].
2.2 Evaluating the spectral integral
Since we decompose crossing kernels into a nite sum of Wilson polynomials, to evaluate
their spectral integral (2.1) we simply need to know how to evaluate a seed integral of the
general form:
`(ai) =
*
1
4
 
 
a5  i2

 
 
1 + a6  i2
 W`(2; ai)
+
(2.14a)
=
Z +1
 1
d
2
wai()
1
4
 
 
a5  i2

 
 
1 + a6  i2
W`(2; ai) ; (2.14b)
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whereW`(2; ai) is a degree ` Wilson polynomial with parameters ai matching those of the
spectral weight wai(). This integral is slightly more general for our purposes, where for the
specic type of spectral integral (2.9) under consideration we have a5 = a6 =
1
2
 
0   d2

.
In particular:
1
4
 
 
a5  i2

 
 
1 + a6  i2

a5=a6=
1
2(0  d2 )
=
1
2 +
 
0   d2
2 : (2.15)
We shall keep a5 and a6 arbitrary in the following, in order to be as general as possible.
The integral (2.14) may appear to be formidable, however we can evaluate it explicitly
using the following trick. The basic idea is to reduce the integral to a nite sum of simpler
integrals of the same form as in (2.14) but with ` = 0,
0(ai) =
Z +1
 1
d
2
wai()
1
4
 
 
a5  i2

 
 
1 + a6  i2
 : (2.16)
This can be achieved by rst expanding the Wilson polynomial as24
W`(2; ai) =
X`
k=0
( `)k
 
a1  i2

k
(a1 + a2 + a3 + a4 + `  1)k
k!(a1 + a2)k(a1 + a3)k(a1 + a4)k
; (2.17)
so that
`(ai) =
X`
k=0
( `)k(a1 + a2 + a3 + a4 + `  1)k
k!(a1 + a2)k(a1 + a3)k(a1 + a4)k
0(a1 + k; ai>1) ; (2.18)
where we absorbed the -dependent Pochhammer symbols in (2.17) into the Wilson mea-
sure (1.27).
The spectral integral (2.16) may still appear rather complicated. However, it can be
simplied using the Barnes' 2nd Lemma, which provides a useful transformation formula:25
 
 
a1  i2

 
 
a3  i2

 
 
a4  i2

 (a1 + a3) (a1 + a4) (a3 + a4)
=
Z
ds
2i
 ( s i2 )  (a1 + s)   (a3 + s)   (a4 + s)
  (a1 + a3 + a4 + s)
:
(2.19)
Note that the above transformation formula breaks the manifest symmetry of the inte-
grand (2.16) under permutations of ai, i = 1; : : : ; 5. Exchanging the order of integration
we arrive to the following simpler double-integral
0(ai) =  (a1 + a3) (a1 + a4) (a3 + a4)
Z +i1
 i1
ds
2i
 (a1 + s) (a3 + s) (a4 + s)
4 (a1 + a3 + a4 + s)

Z +1
 1
d
2
 
 
a2  i2

 
 
a5  i2

 
  s i2 
 (i)   a6  i2 + 1 : (2.20)
In this form the spectral integral is more manageable due to the reduction in Gamma
function factors, and can be evaluated in the usual way by evaluating the residues of each
24Note that our choice of normalisation for Wilson polynomials diers from the one usually adopted in
the literature [49].
25It may be useful to note that equation (2.19) plays a key role in performing various spectral integrals
that arise in Witten diagram computations, which generally involve products of  
 
a1  i2

.
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pole in the three series of poles associated to three of the six  -functions in the numerator.
The contribution from each series of poles can be further re-summed in terms of a \very well
poised" 5F4 hypergeometric function.
26 For instance, the series of poles for  = i(2a2 +2n)
gives the contribution:
2  (a5   a2) (a2 + a5) ( a2   s) (a2   s)
 ( 2a2) ( a2 + a6 + 1) (a2 + a6 + 1)
 5F4
 
2a2; a2 + 1; a2 + a5; a2   a6; a2   s
a2; a2   a5 + 1; a2 + a6 + 1; a2 + s+ 1; 1
!
: (2.21)
One can then use equation (1) in section 4.4 of [57] to re-sum such hypergeometric functions
as a ratio of Gamma functions:
5F4
 
a; 1 + a2 ; c; d; e
a
2 ; 1 + a  c; 1 + a  d; 1 + a  e
; 1
!
=
 (a  c+ 1) (a  d+ 1) (a  e+ 1) (a  c  d  e+ 1)
 (a+ 1) (a  c  d+ 1) (a  c  e+ 1) (a  d  e+ 1) : (2.22)
The contribution of each series of poles can then be simplied and combined so that we
end up with the following Mellin integral:
0(ai) =
 (a1 + a3) (a1 + a4) (a2 + a5) (a3 + a4)
 (1  a2 + a6) (1  a5 + a6) (2.23)

Z +i1
 i1
ds
2i
 ( s) (a1+a2+s) (a2+a3+s) (a2+a4+s) ( a2+a5 s) (a6 a5+s+1)
 (a2 + a6 + s+ 1) (a1 + a2 + a3 + a4 + s)
:
Before evaluating the above Mellin integral it is rst convenient to perform the sum over
k in (2.18), which very nicely can be re-summed to the same type of Mellin integral but
with dierent parameters:
`(ai) =
 (a1 + a2) (a1 + a3) (a1 + a4) (a2 + a5) (a3 + a4 + `)
 (a1 + a2 + `) (1  a2 + a6) (1  a5 + a6) (2.24)

Z +i1
 i1
ds
2i
 ( s) (a1+a5+s) (a3+a5+s) (a4+a5+s) (1 a2+a6+s) (a2 a5+` s)
 (1 + a5 + a6 + s) (a1 + a3 + a4 + a5 + `+ s)
:
We can evaluate this Mellin integral either by picking the residues on the positive real axis,
which re-sum to a pair of 4F3 1-balanced hypergeometric functions, or directly in terms of a
well poised 7F6 hypergeometric function using eq. (4.7.1.3) of [50], in which case we obtain:
26In general it might be useful to keep in mind that that spectral integrals involving products of  
 
ai  i2

can often be expressed in terms of sums of very well poised Hypergeometric functions.
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Result for the seed integral (2.14):
`(ai) =  (a1+a2) (a1+a3) (a1+a4) (a1+a5) (a2+a5) (a3+a5) (a4+a5) (2.25)
  (a2+a3+`) (a2+a4+`) (a3+a4+`) (a6   a5+`+1)
 (1  a5 + a6)  (a; b; c; d; e; f);
a = a1 + a2 + a3 + a4 + 2a5 + `  1 ;
b = a1 + a5;
c = a2 + a5;
d = a3 + a5;
e = a4 + a5;
f = a1 + a2 + a3 + a4 + a5   a6 + `  1 ;
in terms of the  function dened in [50] (page 127):
 (a; b; c; d; e; f) =  (a+1) (1+a b) (1+a c) (1+a d) (1+a e) (1+a f) (2+2a b c d e f) (2.26)
 7F6
 
a; 1+ a2 ; b; c; d; e; f
a
2 ; 1+a b; 1+a c; 1+a d; 1+a e; 1+a f
; 1
!
:
In the mathematical literature, the  -function is also referred to as the Wilson function
(see e.g. eq. (3.2) of [55]), which provides an analytic continuation of Wilson polynomial
for non-integer degree. The analytic continuation is obtained by considering the Wilson
polynomials as Eigenfunctions of certain dierence operators. It is interesting to note that
our result (2.25) for the spectral integral (2.14) is well dened for all physical range of
parameters, since:27
2 + 2a  b  c  d  e  f = 1  a5 + a6 + ` > 0: (2.27)
In the following sections it will also prove convenient to employ the identity (4) in
section 4.4 of [57], which allows to decompose a well poised 7F6 into a sum of two 1-
balanced (Saalschutzian) 4F3. The general identity for the  -function reads:
 (a; b; c; d; e; f) =  (a d e f+1) (a b+1) (a c+1) (a d e+1) (a d f+1) (a e f+1) (2a b c d e f+2)
 4F3
 
a b c+1; d; e; f
a b+1; a c+1; a+d+e+f ; 1
!
(2.28)
+  ( a+d+e+f 1) (d) (e) (f) (a b c+1) (2a b d e f+2) (2a c d e f+2)
 4F3
 
a d e+1; a d f+1; a e f+1; 2a b c d e f+2
a d e f+2; 2a b d e f+2; 2a c d e f+2 ; 1
!
;
27Note that this property does not hold for the explicit form of the crossing kernels derived in [17] in terms
of 7F6 which, as the authors of the paper also noted, requires an analytic continuation to be applicable in
general.
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which is valid if the  -function is convergent, which is when: Re(2+2a b c d e f) > 0.
It is interesting to notice how the permutation symmetry in the parameters b, c, d, e and
f is manifest on the left hand side of the equation, but highly non-trivial on the right
hand side. This allows to obtain various dierent transformations of the corresponding 4F3
hypergeometric functions which yield the same  -function.28
Another convenient representation of the  -function was given in [55] eq. (6.5).29 This
representation after changing variables and using a transformation for the 2F1 hypergeo-
metric function reads:
 (a; b; c; d; e; f) = 1
 (f) (a f+1)2 (a b c+1) (a d e+1) (2a b c d e f+2) (2.29)

Z 1
0
dy ya f (1  y)2a b c d e f+1
 2F1
 
a b f+1; a c f+1
a f+1 ; y
!
2F1
 
a d f+1; a e f+1
a f+1 ; y
!
:
With the result (2.25) for the seed integral (2.14) at hand, one can now evaluate the
spectral integrals of the type (1.22) for any crossing kernel in [12] by simply expanding
the crossing kernel in terms of Wilson polynomials as outlined in appendix B.4. This is a
sometimes cumbersome but straightforward procedure. In many cases this can be done ex-
plicitly or implemented with a computer algebra program. Therefore, the results presented
in this section solve the crossing problem up to nite spin for generic operator exchanges,
reducing the crossing problem to simply determining the form the of the crossing kernel of
interest which, if it is not already known, can be worked out following the method of [12].
2.3 Exchanged scalar operators
In this section we give the result for the spectral integral (2.14) for a scalar of twist  0
exchanged in the crossed channel
(t)I 0;0j` (t) = n 0;0
Z 1
 1
d
2
a0()
(t)bI d
2
+i;0j` (t) ; (2.30)
where the normalisation n 0;0 reads
n 0;0 =
 
d
2  ( 0) 
 
 0 + 1  d2

 
 
 0
2
4
 

2  0
2
2
 

2+ 0 d
2
2 ; (2.31)
and the spectral function a0() is given by (2.3) with `
0 = 0, Ji = 0 and i = .
The expression for the crossing kernel in terms of Wilson polynomials can in this case
simply be read o from equation (1.24)
(t)bI d
2
+i;0j` (t) = a
(0)
0;` (t)W`(2; a1; a2; a3; a4) ; (2.32)
28Note that there are various such decompositions and not all of them are manifestly analytic in spin!
Analyticity in spin is however manifest in the  -function.
29See also [17] where a similar representation was used to perform the -expansion.
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where
(t) =
d=222 t( 1)` ()2   `+   12   `+ t2 (`+ t  1)
 
 
t
2
2
 (`+ ) (`+ 2  1)   `+ t2   12   d2 + t  2 ; (2.33)
and
a1 =
d
4
  + t
2
; a2 =
d
4
  + t
2
; a3 =   d
4
; a4 =   d
4
: (2.34)
The evaluation of (2.30) is then a simple application of the result (2.25), which gives
(t)I 0;0j` (t) =  a(0)0;`
( 1)`22 t  ()2 ( 0) (  d2 + 0+1) (`+  12) (`+ t2) (`+t 1)
 ( t2)
2
 

 0
2
4
 

   0
2
2
 (`+) (`+2 1) (`+ t2  12) 

  d
2
++ 
0
2
2
 ( d2 +t 2)
 `

d
4   + t2 ; d4   + t2 ;  d4 ;  d4 ; 2
0 d
4 ;
2 0 d
4

: (2.35)
The above result admits a straightforward generalisation to external operators of arbitrary
twist upon re-instating the dependence on the external twists i in the pre-factor and in
the coecients ai, as shown in section 2.6.
Inserting t = 2, this gives the following result for the anomalous dimension (1.22) of
leading double-twist operators [OO]0;` of spin `, where  is the scaling dimension of the
scalar operator O:
0;` =  
2  ( 0) 
 
 0 + 1  d2

 
 
d
2

 
 
 0
2
4
 

2  0
2
2
 

2+ 0 d
2
2 `d4 ; d4 ;  d4 ;  d4 ; 2 0   d4 ; 2 0   d4

:
(2.36)
We stress that analyticity in spin is manifest just from the denition of the function `. For
d = 4 this result coincides with the result given in [58] which was obtained using a dierent
approach specic to the d = 4 case. The above result straightforwardly generalises to the
case of unequal external operators using eq. (4.45) of [12].
2.4 Exchanged spinning operators
In this section we extend the results of the previous section to the spectral integral of
crossing kernels for CPWs with exchanged spin-`0 in the crossed channel. We take t = 2,
appropriate for the corrections to the OPE data of leading double-twist operators. The
result for the spectral integral thus gives the analytic in spin anomalous dimensions (1.22)
of leading twist double-trace operators [OO]0;` induced by the exchange of spin-`0 operator
of twist  0 in the crossed channel.
There is more than one way to perform the spectral integral (2.1) for `0 6= 0, leading to
dierent transformation formulas for the nal result. In all cases the result can be expressed
as a sum of Wilson functions. All of them dier by how we x the spectral weight and
from the decomposition of the crossing kernels in terms of the corresponding orthogonal
Wilson polynomials.
Following the method outlined in section 2.2, to evaluate the spectral integral we need
only decompose crossing kernel in terms of Wilson polynomials. We derive the following
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decomposition in appendix B.4:
(t)bI d
2
+i;`0j` (t = 2) = a
(0)
0;`
2`0X
j=0

(`0)
`;j W` j(2; a1; a2; a3; a4) : (2.37)
with
a1 =
d+ 2`0
4
; a2 =
d+ 2`0
4
; a3 =   d  2`
0
4
; a4 =   d  2`
0
4
: (2.38)
Using the result for the seed integral (2.25), this decomposition of the crossing kernel
immediately gives the following contribution to the anomalous dimension of leading twist
double-trace operators [OO]0;` of spin-`
0;` = 2n 0;`0
2`0X
j=0

(`0)
`;j ` j

d+2`0
4 ;
d+2`0
4 ;  d 2`
0
4 ;  d 2`
0
4 ;
 0+`0 2d
2 ;
 0+`0 2d
2

: (2.39)
The normalisation n 0;`0 reads in this case:
n 0;`0 =
24`
0+2 0 4 
d
2 1 ( 1)(2`0+ 0 1) (d  1) 

`0+ 
0
2  
1
2
2
 

 d2 +`0+ 0+1

 

  
0
2
2
 (`0+ 1) 

`0+  0
2
2
 (`0+ 0 1) (d+`0  1) 

  d
2
+`0++  0
2
2 ; (2.40)
In d = 4 this expression matches the result obtained in [58] which uses a dierent
approach tailored to the d = 4 case.
2.5 Subleading twist anomalous dimensions
Since the result (2.36) for the spectral integral holds for arbitrary t, naively one might
expect that setting t = 2+2n would give the anomalous dimension induced for subleading
double-twist operators [OO]n;` by a scalar of twist  0 in the crossed channel, just as for the
leading twist case (1.22). I.e.:
n;`
2
a
(0)
n;`
?
=
Z 1
 1
d
2
a0()
(t)I d
2
+i;0j` (t = 2 + 2n) : (2.41)
The above expression is however not quite correct, since the crossing kernel
(t)I d
2
+i;0j` (t = 2 + 2n) also contains contributions to conformal multiplets of double-
twist operators [OO]n0;` of lower twist n0 < n. To extract the anomalous dimensions
n;` we rst have to subtract the contributions to all double-twist operators [OO]n0;` with
n0 < n. A general method to do this was given in [12], where it was also carried out
explicitly for the specic crossing kernel we are considering here. The projected crossing
kernel reads (see [12], section 5.1.2):30
n(2 + 2n)
(t)Iprojectedd
2
+i;0j` (t = 2 + 2n) =
2  (d2 + i)
 
 
d
4 +
i
2
4
  ( i)
nX
j=0
DjT
n
n j;j ; (2.42)
30For ease of presentation we focus on the case with equal external operators of twists i = . The
general case with generic external twists i follows in exactly the same way starting from the more general
crossing kernels studied in [12].
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where
n(x) = ( 2)3n n!
 
d
2 + `

n
(d  2n  x)n
  d2 + `+ n+ xn ; (2.43)
and
Tnij =
Z i1
 i1
ds
4i
 (  s2)2 

s+ d
2
 i
2 + i

 

s+ d
2
 i
2 + j

Q2+2n;2+2n;0;0` (s)
=
2` 

2j+ d
2
+i
2
2
 

2i+ d
2
 i
2
2  
2+2n
2
2
`
(`+ 2 + 2n  1)` 

d+2i+2j
2

| {z }
tnij
 4F3
 
 `; 2 + 2n+ `  1; i+ d4   i2 ; j + d4 + i2
d
2 + i+ j; + n; + n
; 1
!
: (2.44)
We give the explicit form of the coecients Dj up to n = 3 in appendix D. All such
coecients can be systematically worked out by solving a linear system for any n [12].
We can now write down a spectral integral of the projected crossing kernel (2.42) that
gives the anomalous dimensions n;`:
n;`
2
a
(0)
n;` = n0;0
Z 1
 1
d
2
a0()
(t)bIprojectedd
2
+i;0j` (t = 2 + 2n) ; (2.45)
where the normalisation n0;0 is given by (2.31) as before. We evaluate this integral in
the same way as before by decomposing the projected crossing kernel in terms of Wilson
polynomials. The latter decomposition takes the form
(t)bIprojectedd
2
+i;0j` (t = 2 + 2n) =
2nX
i=0

(`;n)
i W`+i(2; ai): (2.46)
We have not yet been able to obtain a general closed form expression for all coecients

(`;n)
i though they satisfy the following property:
2nX
i=0

(`;n)
i =
( 1)` d=2
 
 
d
2
 ; (2.47)
and we have managed to obtained a closed form expression for the following values of i in
the sum (2.47):

(`;n)
0 =
d=2
 
 
d
2
 ( 1)`+n( d+ n+ 2 + 1)n  d+2`2 n  d 2n 4+22 n (`+ )n  d 2 22 n 24nn!  2`+2+12 n ; (2.48a)

(`;n)
1 =  
n(2 + 2`+ 1)(d  4  2`  2n)
( + `)(d  4  2`) 
(`;n)
0 ; (2.48b)

(`;n)
2n =
d=2
 
 
d
2
 ( 1)`( d+ n+ 2 + 1)n  d+2`+2n2 n (`+ n+ )n   d 2` 2n 42 n  d 2 22 n 24nn!  2`+2n+2 12 n ;
(2.48c)

(`;n)
2n 1 =  
n(d+ 2`+ 2n  2)(2 + 2`+ 4n  3)
(d+ 2`+ 4n  2)( + `+ 2n  1) 
(`;n)
2n : (2.48d)
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With the expansion (2.46) of the projected crossing kernel in terms of Wilson polyno-
mials, as before the result for the spectral integral (2.45) can be immediately written down
using the result (2.14) for the seed spectral integrals. This gives the following expression
for the anomalous dimensions induced by a scalar of twist  0 in the crossed channel:
n;` = 2n 0;0
2nX
i=0

(`;n)
i `+i

d
4
;
d
4
;  d
4
;  d
4
;
2 0   d
4
;
2 0   d
4

: (2.49)
The closed form expressions (2.48) for the coecients 
(`;n)
i , together with (2.47) give
a relatively simple form for anomalous dimensions (2.49) up to n = 2. For n > 2 the
coecients 
(`;n)
i do not factorise and we have not yet managed to obtain a closed form
expression for them.
2.6 Spinning external legs with scalar exchange
The decomposition of the crossing kernels obtained in [12] in terms of Wilson polynomials
orthogonal with respect to the spectral measure is very general and can be seamlessly
applied also to the cases with spinning external operators. In this way the spectral integral
of crossing kernels with spinning external legs can also be evaluated using the seed spectral
integrals in section 2.2.
In this section we shall consider spinning crossing kernels of CPWs for four-point
correlators involving two spinning operators of spins J1 and J2,
hOJ1 (x1)OJ2 (x2)O3 (x3)O4 (x4)i: (2.50)
For simplicity we shall consider exchanged scalars of twist  0 in the t-channel (`0 = 0) and
their contribution to double-trace operators of leading twist in the s-channel. In addition to
[O3O4] composed of scalar operators O3 and O4 of twists 3 and 4, in the s-channel there
includes contributions to double-twist operators of the form [OJ1OJ2 ]` involving operators
OJ1 and OJ2 of spins J1 and J2, and twists 1 and 2, respectively. The relevant crossing
kernels are reviewed in appendix B.2 which, as was already noted in [12], are proportional
to a single Wilson polynomial:31
(t)bJd
2 +i;0j`
(t = 1 + 2) = `W`(2; ai) ; (2.51)
with32
` =
d=2( 1)`2 J1 J2+` (J1 J2+`+1) (J1+J2+`+1+2 1) (`+ 12 +
2
2
+
3
2
  4
2 )
 (2J1+1) ( J1 J2+`+1) (2`+1+2 1) (J1+J2+ 12 +
2
2
+
3
2
  4
2 ) (
d
2
+J1+J2+
1
2
+
2
2
  3
2
  4
2 )
;
(2.52)
and
a1 =
1
4
(d+ 4J1 + 21   24) ; a2 = 1
4
(d+ 4J2 + 22   23) ; (2.53)
a3 =
1
4
( d+ 4J1 + 21 + 24) ; a4 = 1
4
( d+ 4J2 + 22 + 23) : (2.54)
31Recall that, since we are considering contributions to leading twist operators in the s-channel we can
x t = 1 + 2.
32Contrary to the previous cases we included the mean eld theory OPE in the denition of l.
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For brevity, here we only present explicitly the t-channel crossing kernel. The u-channel
kernels, which are given in appendix B.2, will dier from the t-channel kernels by a sign
which only contributes when J1 + J2 + ` is odd.
For the spectral integral (2.1) of the crossing kernel, the spectral function (1.26) is
given by (2.3) with J3 = J4 = 0 and `
0 = 0. Using the result (2.14) for the seed integral,
the result for the spectral integral is then immediately given by
(t)I 0;0j`(t = 1 + 2) = n 0;0 ` `

a1; a2; a3; a4;
2 0   d
4
;
2 0   d
4

; (2.55)
where the normalisation n 0;0 for general J1 and J2 reads
n 0;0 =
 d=2 ( 0) (  d2+ 0+1)
 

 0 1+4
2

 

 0 2+3
2

 

2J1+
0+1 4
2

 

2J1  0+1+4
2

 

2J2+
0+2 3
2

 

2J2  0+2+3
2

 1
 
 d+2J1+ 0+1+4
2

 
 d+2J2+ 0+2+3
2
 : (2.56)
A similar expression also holds for the crossing kernel of the u-channel CPWs (B.4).
Double-trace anomalous dimensions. Let us now discuss the relation of the re-
sult (2.55) to the anomalous dimensions of double-twist operators. In the following we
consider the case of equal external twists i = .
33
For general J1 6= J2, there is no mean eld theory part to correlators of the type (2.50).
In such a case, the only way to generate corrections to double-trace anomalous dimensions
at (i.e. log u terms) is to have an O (1) mixing between degenerate double twist operators:

(`)
i =
X
J1;J2
b
[OJ1OJ2 ]`;
(`)
i
[OJ1OJ2 ]` ; (2.57)
where the coecients b
[OJ1OJ2 ]`;
(`)
i
express the Eigenfunction of the dilatation operator in
terms of the standard free theory double-twist operators. In this way, the mean eld theory
OPE coecients c
(0)
OJ1OJ2
(`)
i
and c
(0)
OO(`)i
can both give a non-trivial contribution to the
four-point function whenever the Eigenvectors 
(`)
i of the dilatation operator are a linear
combination of double-twist operators. We denote by 
(i)
0;` the corresponding Eigenvalues
at this order.
Considering small corrections to the mean eld theory values, we arrive to:
c
(0)
OJ1OJ2 [OJ1OJ2 ](`)
c
(0)
OO[OO](`)0;` =
X
i
c
(0)
OJ1OJ2
(`)
i
c
(0)
OO(`)i

(i)
0;` (2.58)
 c(0)OJ1OJ2 [OJ1OJ2 ]`c
(0)
OO[OO]`
X
i
b
[OJ1OJ2 ]`;
(`)
i
b
[OO];(`)i

(i)
0;` ;
where we have used (2.57) together with the mean-eld theory result to factor out the mean-
eld theory OPE coecients. In the end the average 0;` is weighted by the coecients
33Note that anomalous dimensions are only generated for 1 + 2 = 3 + 4.
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b
[OJ1OJ2 ]`;
(`)
i
only. Finally, simplifying the mean-eld theory OPE, we recover the following
average of the anomalous dimensions 
(i)
0;` of the double-trace operators i:
0;` =
X
i
b
[OJ1OJ2 ]`;
(`)
i
b
[OO];(`)i

(i)
0;` ; (2.59)
which we can extract from the result (2.55) for the spectral integral of the crossing ker-
nel (2.51). In particular:
1
2
c
(0)
OJ1OJ2 [OJ1OJ2 ](`)
c
(0)
OO[OO](`)0;` =
(t)I 0;0j`(t = 2): (2.60)
The mean eld theory OPE coecients c
(0)
OO[OO](`) are given by setting n = 0 in equa-
tion (1.5). On the other hand, the coecients c
(0)
OJ1OJ2 [OJ1OJ2 ](`)
so far are only known
explicitly for J2 = 0 or J1 = 0. Setting J1 = J and J2 = 0, we have [12]
c
(0)
OJO[OJO]`
2
=
2` J(2J + 1)` J(2)` J
(`  J)!(`+ J + 1 + 2   1)` J ; (2.61)
where we recall that above we are considering the case 1 = 2 = .
Disentangling the degeneracy in (2.59) to obtain the anomalous dimensions 
(i)
0;` is a
dicult problem in general, which we don't attempt to solve here.34
3 Comparison with large spin double-twist anomalous dimensions
In this section we consider a dierent way to obtain double-trace anomalous dimensions
by projecting away the shadow contribution directly from the crossing kernel at large spin.
This approach was outlined at the end of section 1.1 and does not involve evaluating
spectral integrals. We then compare with the results obtained in the previous section.
3.1 Exchanged scalar operators
We begin starting with the simplest case of scalar external operators of equal scaling
dimension , with a scalar operator of twist  0 exchanged in the t-channel (i.e. `0 = 0
in (1.8)). In this section we restrict ourselves to the anomalous dimensions of leading
double-twist operators (n = 0), which implies t = 2 in the corresponding CPW crossing
kernel (1.24).
Before projecting away the shadow contribution, the anomalous dimension induced by
the crossing kernel is given by (for more details see section 5 of [12])35
a
(0)
0;`
CPW0;`
2
= a 0;0 I
(t)
 0;0j` (t = 2) (3.1)
= a
(0)
0;`
CPW0;0
2
4F3
 
 `; `+ 2  1; d  02 ; 
0
2
d
2 ;;
; 1
!
; (3.2)
34In order to fully solve this problem we would need to apply the techniques of [12, 48] to obtain full
crossing kernels for more general spinning correlators, which we postpone for now.
35This is just the analogue of equation (1.19) but for the CPW (1.21) with ~ =  0 instead of the conformal
block (1.13).
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where
CPW0;0 =
2  ( 0) 

d  0
2
2
 
 
d
2

 
 
 0
2
2
 
 
d
2    0
 a 0;0; (3.3)
proportional to the OPE coecient a 0;0 in the t-channel.
To obtain the double-twist operator anomalous dimensions 0;` induced by the physical
conformal block (i.e. equation (1.19)), following the prescription outlined at the end of
section 1.1 we project away the contributions from the shadow conformal multiplet in (3.1)
by employing the Mellin representation (1.32) of the 4F3 hypergeometric function and
closing the Mellin contour on the physical block poles. This gives
0;` =  CPW0;0
 ()2 (`+ 1) ( 0) 

`+ 2   02   1

 
 
 0
2
2
 
 
   02
2
 (`+ 2  1)   `+  02 + 1
 4F3
 
 0 d
2 + 1;
 0 2
2 + 1;
 0 2
2 + 1;
 0
2
 0
2 + `+ 1;
 0
2   2  `+ 2;  0   d2 + 1
; 1
!
(3.4)
which can be immediately obtained using the replacement (1.38). It might be useful for the
reader to note that the 4F3 hypergeometric functions in (3.1) and (3.4) are 1-balanced
36
and for this reason they are both well dened at argument z = 1.37 At the end of this
subsection we give the expansion of (3.4) in 1=J2, which we checked to agree with known
expressions.
A few comments are in order:
 We note that, for a limited range of values of  and  0, the re-summation includes
some non-analytic terms in 1=J, which generate an oscillatory behaviour. Various
plots of the general formula (3.4) are presented in gures 2 and 3, for ranges of
parameters with and without the oscillatory behaviour.38 When there are no non-
analytic terms this result (as is to be expected) behaviour matches the analytic result
in spin (2.36) obtained in section 2.3 by evaluating the spectral integral (1.22). In
gure 2 it can be observed that, when there are non-analytic terms, the average of
the oscillatory behaviour matches the analytic result in (2.36) which naturally sets
to zero such contributions which are non-analytic at innite spin. In all examples
36A hypergeometric function n+1Fn

a1; : : : ; an+1
b1; : : : ; bn
; z

is said to be n-balanced if
P
i bi  
P
i ai = n. If
Re(n) > 0 then the hypergeometric function converges for z = 1.
37Integer balanced hypergeometric functions have in general logarithmic singularities at z = 1. See
e.g. [59].
38The reason for such oscillatory behaviour is related to the poor behaviour of a single conformal block,
which is not a single valued function of the cross ratios as discussed e.g. in [34]. In particular, the projec-
tion of the shadow poles in a large-spin expansion is insensitive to exponentially suppressed terms. These
terms would restore analyticity in spin at nite spin. The correct way of taking into account such exponen-
tially suppressed terms is to perform the spectral integral with the appropriate measure | as discussed in
section 2 and observed by Polyakov in [46]. The double-twist operators encoded in the poles of the weight-
function (1.27) ensure that the spectral integration is well dened and that the nal result is single-valued,
as opposed to the case of a single conformal block.
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Figure 2. The plot of the expression (2.36) obtained by evaluating the spectral integral is in tick
blue, the expression (3.4) is in dashed orange and the rst three terms of the large spin expansion
in 1=J are the grey dots. In this plot we took d = 4 and  0 = 4, for  = 2 + 7=11 (l.h.s.) and
 = 2 + 9=11 (r.h.s.). The expression (3.4) displays some oscillating singular behaviour which
diminishes as  approaches  = 3. For   3 no non-analytic behaviour in 1=J is observed.
Remarkably the analytic result in spin matches the rst three terms in the large spin expansion up
to very low spin with a very small error that is indistinguishable in the graphs!
we plotted, this behaviour only arises for  <  0 for some (integer) values of  0.
Removing these non-analytic contributions for these values of  and  0 requires a
careful handling of the analytic continuation of the hypergeometric function.39 This
can be achieved by explicitly evaluating the spectral integral as in section 2.
 The plots exhibit the standard convexity, monotonicity and negativity properties of
double-twist operator anomalous dimensions [1, 2, 60] down to nite spin.
 Note that the anomalous dimension (2.36) and (3.4) vanish identically when  0 =
2 + 2n, owing to the following Gamma function factor in the denominator
1
 
 
   02
  0=2+2n= 1
  ( n) = 0; n 2 N0: (3.5)
We furthermore observe this explicitly for all other cases considered in this note.
This implies double-trace operators don't contribute to the part of anomalous di-
mensions analytic in spin. This is in perfect agreement with the Lorentzian inversion
formula [11], which prescribes that the part of the anomalous dimensions analytic in
spin is entirely xed by single-trace operators while double-trace operators drop out.
Non-analytic contributions in spin are thus consistently relegated to local contact
interactions in the bulk involving a nite number of derivatives, which by denition
must have nite support in spin (see e.g. [19]) and for this reason are intrinsically
39We thank L. F. Alday for useful comments on this point.
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Figure 3. The plot of the expression (2.36) obtained by evaluating the spectral integral is in tick
blue, the expression (3.4) in dashed orange and the rst three terms of the large spin expansion in
1=J in gray dots. We considered d = 4 and  0 = 5=2, with  = 2 + 10=11 (l.h.s.) and  = 3 + 2=11
(r.h.s.). In this case the expression (3.4) precisely coincides with analytic in spin result (2.36)
obtained by evaluating the spectral integral and with the rst three terms of the asymptotic 1=J
expansion. A small deviation can be observed for ` < 1.
non-analytic.40 According to the inversion formula these contributions are further
constrained by the leading Regge behaviour of the full CFT correlator. For scalar
exchanges this leaves room only for 4-type bulk contact interactions, where  is the
scalar eld in AdS dual to the operator O, while in general unitary CFTs contact
terms may be allowed up to spin `  2. In the case of correlators which are not
bounded in the Regge-limit, contact terms are allowed for 0  `  `0 where `0 is the
highest spin single-trace operator dominating the Regge limit. This is for instance
the case for the contact part of spin-`0 exchange amplitudes [47].
In the following, before presenting the large spin asymptotic expansion of the general
formula (3.4), we highlight some potentially useful simplications in its form for partic-
ular dimensions and twists. Further notable examples are also given in the applications
section 4.
Even d and  0 = d 2. It is interesting to note that in even dimensions and for integer
 0 the result (3.4) drastically simplies. For example, for  0 = d  2 we have
d = 4 ; 0;` =  a 0;0 2(  1)
2
J2   (  2)(  1) ; (3.6a)
d = 6 ; 0;` =  a 0;0 12(  2)
2(  1)2
(J2   (  3)(  2)) (J2   (  2)(  1)) ; (3.6b)
40Incidentally this observation does not leave any room for pseudo-local contact interactions (i.e. in-
teractions with an unbounded number of derivatives that generate only double-trace contributions), in
accordance with the no-go result of [61] for eld theories in AdS with higher-spin symmetry. Contact terms
can only contribute with strictly a nite support in spin.
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which are particular cases of the general even-dimensional result:
0;` =  a 0;0 2 (d)
 
 
d
2
2
d
2 1Y
i=0
(  i  1)2
J2   (  i  1)(  i  2) (3.7)
where we expressed the result in terms of the conformal spin, which for leading double-twist
operators is J2 = (`+ ) (`+   1).
Note that the expression (3.7) is analytic in spin and thus agrees with the expres-
sion (2.36) obtained by evaluating the spectral integral.
Large spin expansion. As outlined in section 1.1, via the Mellin representation (1.32)
of the hypergeometric function 4F3 we can straightforwardly determine the large spin ex-
pansion of the double-twist operator anomalous dimensions (3.4) from the asymptotic
expansion (C.5) of simple ratios of gamma functions. This gives
0;` =  a
0;0
J 0
2 
 
d
2

 ()2
 
 
 0
2

 
 
d  0
2
 1X
q=0
1X
k=0
dk
 1;  0
2
 +q+1

( 1)q 

q + 
0
2

 

d  0
2   q

q! 

d  0 2q
2

 
 
   02   q
2 J 2(q+k) ; (3.8)
which matches the result obtained by starting with the full crossing kernel (3.1) and clos-
ing the integration contour only on the non-shadow poles associated with the  -function
 

 0 2s
2

in the Mellin representation of the hypergeometric function 4F3:
41
0;` = a 0;0
2 
 
d
2

 ()2
 
 
 0
2

 
 
d  0
2
 Z i1
 i1
ds
2i
1X
k=0
dk 1;s+1  J
 2(s+k)  (s) 

 0 2s
2

 

d 2s  0
2

 
 
d
2   s

 (  s)2 :
(3.9)
The asymptotic expansion (3.8) can be checked to be in complete agreement with
previously known results [23, 24] for the 1=J2 expansion when a direct comparison was
feasible.
3.2 Exchanged spinning operators
The generalisation of the large spin expansion discussed in the previous section to exchanges
of spinning operators in the t-channel (i.e. general `0) follows in the same way as the `0 = 0
case considered in section 3.1.
The corresponding crossing kernel for a t-channel CPW with exchanged twist  and
spin `0 was determined in [12] as a sum of 4F3 hypergeometric functions. In latter expres-
sion, which we review in (B.1), not all hypergeometric functions in the sum are balanced
for `0 > 0. This is not an issue at this point since each hypergeometric function to a poly-
nomial in this case. However, after projecting away the shadow contributions as described
in section 1.1, the hypergeometric functions in the resulting expression do not truncate to
41In this case picking the poles of the other  -function would give the shadow contributions.
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polynomials and therefore not all of them converge manifestly at z = 1. In this case it is
therefore important to nd a representation of the result which is manifestly non-singular
at argument z = 1. Fortunately, one may verify that the singularities cancel upon perform-
ing the nite sum over the hypergeometric functions in the shadow-projected expression.
This suggests that the expression can be re-written in terms of hypergeometric functions
which are n-balanced with n > 0 for all parameters. Indeed, one can re-visit the original
expression for the crossing kernel of the CPW and express it as:
CPW0;` = a 0;`0
eZ`0 `0X
k=0
`0 kX
p=0
A`
0
p;k 4F3
 
 `; 2 + `  1; d2   `0 + k   
0
2 ; k +
 0
2
d
2   `0 + 2k + p;;
; 1
!
; (3.10a)
eZ`0 = ( 1)`0+``0! 2`0+1 ( d2 )   02  ( d2  0) `0+  02 + 12 (d `0  0 1)
2 

 0+1
2

 ( d2 +`0 1) (d  0 1) 

`0+  0
2

 

d 2(`0+ 0)
2
 sin2 (d  0)2  ; (3.10b)
A`
0
p;k =
( 1)k p 

k+ 
0
2

 ( d2 +`
0 k 1) 

k+p+ 
0
2

 

d
2
 `0+k   0
2

 

d
2
 `0+k+p   0
2

 (k+1) (`0 2k p+1) ( d2 `0+2k+p)
(3.10c)

`0X
r=0
 

  d
2
+k+r+ 
0
2
+1

 

 0 d
2
 k r+`0+1

 (p r+1) 

k+r+ 
0
2

 ( `0+2k+p+r+1) 

 0
2
+`0 k r)

which is a linear combination of (1 + p)-balanced hypergeometric functions. This is the
extension to general exchanged spin `0 of equation (3.1) for double-twist operator anomalous
dimensions induced by crossed channel CPWs.
As before, to obtain the double-twist operator anomalous dimensions 0;` induced by
the physical conformal block we project away the contributions from the shadow conformal
multiplet as prescribed in section 1.1. Starting from (3.10a), this gives
0;` = a 0;`0 eZ`0 `0X
k=0
`0 kX
p=0
B`
0
p;k (3.11)
4 F3
 
k + 
0
2 ; d2 + J   k   p+ 
0
2 + 1;  + k + 
0
2 + 1;  + k + 
0
2 + 1
k + `+ 
0
2 + 1; 2 + k   `+ 
0
2 + 2; d2 + J +  0 + 1
; 1
!
where the coecient B`
0
p;k is dened as
B`
0
p;k =  A`
0
p;k
 ()2`!  ( d2 `0  0) ( d2 `0+2k+p) 

 k+`+2   0
2
 1

 (`+2 1) 

 k+   0
2
2
 

k+`+ 
0
2
+1

 

d
2
 `0+k   0
2

 

d
2
 `0+k+p   0
2
 ; (3.12)
This expression is the extension of the double-twist operator anomalous dimensions (3.4)
for `0 = 0 to general spin `0 exchanged in the t-channel.
As noted in section 3.1 for the `0 = 0 case, the above result vanishes identically for
double-twist operators  0 = 2 + 2n, as consistent with known inversion formulas.
Large spin expansion. In the same way as for the scalar exchange (`0 = 0) we can deter-
mine the 1=J2 expansion of the anomalous dimensions (3.11) from the large spin expansion
of each hypergeometric function in the expression (3.11). Combining the expansions of
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each hypergeometric function in the nite sum, one then obtains the corresponding large
spin expansion for the anomalous dimension as:
0;` =  a
0;`0
J 0
 ()2 ( 0) 

d  0
2
2
 
 
d
2

 
 
 0
2
2
 
 
d
2    0
 eZ`0 `0X
k=0
`0 kX
p=0
A`
0
p;k
1X
i;n=0
di
 1;  0
2
 +k+n+1
 ( 1)
n 

k+n+ 
0
2

 ( d2 `0+2k+p) ( d2  0 `0 n)
n!  

k+ 
0
2

 

d  0
2
 `0+k

 

   0
2
 k n
2
 

d  0
2
 `0+k n+p
J 2(i+k+n) : (3.13)
We tested this expression with the examples given in [23], nding perfect agreement.
Exchanged conserved currents. A simple application of the above result is when the
exchanged operator is a conserved current, i.e.  0 = d   2. For `0 = 2 this is the stress
tensor. Plugging  0 = d  2 into (3.11) we obtain directly:
0;` =  a 0;`0 c(0)0
 (`+ 1) 
 
2 + `  d2

 
 
`+ d2

 (2 + `  1) ; (3.14)
where c
(0)
0 takes the canonical form (identied in [1, 2]):
c
(0)
0 =
2 ()2  ( 0 + 2`0)
2`0 
 
   02
2
 
 
`0 +  02
 : (3.15)
Note that this re-summation of the large-spin expansion does not suer from the di-
vergence problems encountered when evaluating the spectral integral to obtain the analytic
result in spin (see e.g. the discussion after eq. (2.6)), for which we must consider also the
contribution of the colliding spurious pole to get a nite result.
We also note that the dependence on the exchanged spin `0 is completely factorised
into c
(0)
0 . This conrms the observation in [23] that the coecients c
(k)
0 in the asymptotic
expansion (1.6) appear to be independent of `0. This observation allowed the authors of [23]
to obtain (3.14) by using the result for `0 = 0 to re-sum the large spin expansion.42 The
expansion of (3.14) in powers of 1=J2 is given by equation (C.5)
0;` =  a 0;`0 c
(0)
0
Jd 2
1X
k=0
dk
 1; d2 
J 2k; (3.16)
which gives directly a formula for c
(k)
0 in terms of generalised Bernoulli polynomials (see
equation (C.7))
c
(k)
0 = d
k
 1; d2 
: (3.17)
42This factorisation of the `0-dependence can be regarded as a consequence of higher-spin symmetry,
and allows to reabsorb the exchange of higher-spin currents into the exchange of a scalar operator of twist
 0 = d   2. We will draw on this general property in section 4 for applications to theories with slightly
broken higher-spin symmetry.
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3.3 Subleading double-twist operators
In this section we consider the anomalous dimensions of subleading twist double-trace
operators induced by the exchange of a scalar of twist  0 in the crossed channel. Before
projecting the shadow contributions from the crossing kernel (2.42), we have that
a
(0)
n;`
CPWn;`
2
= a 0;0
(t)I^projected 0;0j` (t = 2 + 2n) : (3.18)
As in the previous sections, we employ the Mellin representation of hypergeometric
functions in the expression (2.42) for the crossing kernel to project away the contributions
from the shadow conformal multiplet in the large spin limit. This boils down to the
following replacement in equation (2.42):
Tnij ! Tnij ; (3.19)
with
Tnij =  tnij
`!  (n+ )2 

d+2i+2j
2

 

d+2i 2j 2 0
2

 

 2j+2`+4n+4  0 2
2

 
 
d+2i  0
2
2
 

2j+2`+ 0+2
2

 (`+ 2n+ 2  1) 

 2j+2n+2  0
2
2 (3.20)
 4F3
 
 d2   i+ 
0
2 + 1; j +
 0
2 ;  + j   n+ 
0
2 + 1;  + j   n+ 
0
2 + 1
j + `+ 
0
2 + 1; 2 + j   `  2n+ 
0
2 + 2; d2   i+ j +  0 + 1
; 1
!
:
In particular, the resulting anomalous dimensions are given by the expression
1
2
n(2 + 2n)a
(0)
n;` n;` = a 0;0
2  ( 0)
 
 
 0
2
4
 
 
d
2    0
 nX
j=0
Dj T
n
n j;j : (3.21)
As before, the large spin expansion (1.6) of the anomalous dimensions can be worked
out systematically from the Mellin representation of the 4F3 following the steps outlined
towards the end of section 1.1. A consistency check of (2.42) is that all pre-factors nicely
combine into an expansion in the inverse conformal spin squared 1=J2. Finally, one can
further check that the exchange of double-twist operators in the t-channel give vanishing
contributions as before.
Examples:  0 = d  2. There are simplications for particular integer values of  0 and
dimension d. For instance, taking  0 = d  2 the simplest expression is obtained in d = 4,
where we have
n;` = a 0;0
2(  1)2
2   3 + n2 + 2n  3n  J2 + 2 ; (3.22)
which matches the result of [26] obtained by considering an explicit re-summation of the
large spin expansion.
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The explicit form of the result for general d is more involved due to the complicated
form of the coecients Dj . For n = 1 it reads

( 0=d 2)
1;` = ad 2;0
2d 2 
 
d 1
2

 ()2 (`+ 1) 
  d2 + `+ 2 + 1p
(d  2( + 1))  d2   1   d2 +  + 12   d2 + `+ 1 (`+ 2+1)


d2
 
2 + `2 + 2`+ `+ 1
  d  42 + 6 + 14`+ 7`(`+ 1) + 4
+ 2
 
6 + 22(`+ 2) + `(`+ 11) + 5`(`+ 1) + 2
 
:
We are able to obtain closed form expressions for any xed value of n, though they are
rather cumbersome. For instance, with n = 2 and d = 3 we have:

( 0=1)
2;` =  a1;0
2(  1)(2 + 1) ()2 (`+ 1)   `+ 2 + 12
16 
 
 + 32
2
 
 
`+ 72

 (`+ 2 + 3)


3
 
4`
 
8`2 + 34`+ 41

+ 51

+ 22(`+ 1)(2`+ 5)
 
2`2 + `  4
+ 4(16`(2`+ 7) + 89)  4(`+ 1)2(`+ 2)(`+ 3)  (`+ 1)2(`+ 2)2

: (3.23)
For d = 5:

( 0=3)
2;` =  a3;0
4 ()2 (`+ 1) 
 
`+ 2  12

(2  1)     122    `+ 92 (`+ 2 + 3)


4
 
4`
 
8`2 + 50`+ 13
  791+ 5(16`(2`+ 15) + 433)
+ 3(2`(`(4`(`+ 4)  107)  319) + 275) 2(4`(`(`(`+ 27) + 76) + 9) + 61)
  3(`+ 1)(`(`(7`+ 11)  58)  68) + 18(`+ 1)(`+ 2)(`(`+ 3)  1)

; (3.24)
and for d = 6:

( 0=4)
2;` =  a4;0
12( 1)2(23(`+7)+2(`(`+11) 8)+4(` 2)(`+1) 8(`+1)(`+2))
(`+1)(`+2)(`+3)(2+`)(2+`+1)(2+`+2) : (3.25)
Note that all of the expressions above are analytic in spin.
3.4 External spinning operators
In this section, we apply the present approach to the case of spinning external operators
also considered in section 2.6. We shall take i =  in the correlator (2.50) (we give
the result for generic i in appendix B.3) and as before we consider a scalar of twist 
0
exchanged in the crossed channel and its contribution to the (averaged, due to operator
mixing) anomalous dimensions of leading double-twist operators in the s-channel.
The relevant t-channel crossing kernel is (B.3), and after projecting away the shadow
contributions as prescribed at the end of section 1.1, it reads
(t)J 0;0j` =
( 1)`+12 2 J1 J2 `+ 0+1 

 0+1
2

 (J1 J2+`+) 

J2+`+2   02  1

 
 
 0
2

 
 
`+   12

 
 
J1 +    02

 
 
J2 +    02

 
  J2 + `+  02 + 1
 4F3
 
J1 +
 0
2 ; d2   J2 + 
0
2 + 1;   J1 + 
0
2 + 1;   J2 + 
0
2 + 1
 J2 + `+  02 + 1; 2  J2   `+ 
0
2 + 2; d2 +  0 + 1
; 1
!
;
(3.26)
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which is a 1-balanced hypergeometric function. As in section 2.6, for brevity here we
only present explicitly the result for the t-channel crossing kernel. The shadow-projected
u-channel crossing kernels are given in appendix B.3. Since we are just considering the
exchange of a scalar operator in the t- and u-channels, the corresponding t- and u-channel
CPWs are unique. One can furthermore check that double-twist operators (i.e.  0 = 2 +
2n) give vanishing contributions, consistent in this case with spinning inversion formulas.
The corresponding expression for the averaged anomalous dimensions (2.59) is
1
2
c
(0)
OJ1OJ2 [OJ1OJ2 ](`)
c
(0)
OO[OO](`)0;` = a 0;0
(t)J 0;0j`: (3.27)
As before, the mean eld theory OPE coecients c
(0)
OO[OO](`) are given by setting n = 0
in equation (1.5). On the other hand, the coecients c
(0)
OJ1OJ2 [OJ1OJ2 ](`)
are only known
explicitly so far for J2 = 0 or J1 = 0 [12]. Setting J1 = J and J2 = 0 the coecients are
given by equation (2.61). The corresponding expression, for 0;` is then given by
0;` =  a 0;0
s
 () (`+ 1) (2J + ) ( J + `+ 1) (J + `+ )
 (`+ 2  1) ( J + `+ ) (J + `+ 2  1)

21 
J
2  
 
d
2

 () 
 
d
2    0

 

`+ 2   02   1

 
 
d  0
2
2
 
 
   02

 
 
`+ 
0
2 + 1

 
 
J +    02

 4F3
 
 0 d
2 + 1; J +
 0
2 ;
 0
2   + 1; 
0
2    J + 1
`+ 
0
2 + 1;
 0
2   2  `+ 2;  0   d2 + 1
; 1
!
: (3.28)
Large spin expansion. As before, we can systematically derive the expansion of the
result (3.28) in 1=J2. To this end, it is useful to note that the crossing kernel admits the
following expansion:
0;` = a 0;0
( 1)`2 0 J2  

 0+1
2
p
 () (2J + ) () 

d  0
2

p
 
 
 0
2

 
 
d
2    0

 
 
J + 
0
2
 (3.29)

1X
n=0
( 1)n 

d 2(n+ 0)
2

 

J + n+ 
0
2

n! 
 
d 2n  0
2

 
  n+    02    J   n+    02 

p
(  J)2Jp
(  J   + 1)J(+   1)J
 (  + + 1) 

 n+  +    02   1

 ( +   1)   n  + +  02 + 1 ;
where we have conveniently introduced  =  + ` and we gave the terms which depend
on the spin ` on the third line. Of these, the ratio of Gamma functions independent of
the external spin J is also present in the case of external scalar operators, and we thus
already know its large spin expansion from the result (3.8). The only dierence in the case
of external spins is the factorp
(  J)2Jp
(  J   + 1)J(+   1)J
=
1X
k=0
pk
J2k
; p0 = 1; (3.30)
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which admits an expansion in 1=J2 with coecients pk. The corresponding expansion of
the anomalous dimensions then reads:
0;` =
2 
J
2
+ 0 () 

 0+1
2

 

d  0
2
p
 () (2J + )
p
 
 
 0
2

 
 
d
2    0

 
 
J + 
0
2
 a 0;0
J 0
1X
n=0
fJ;n
J2n
; (3.31)
with
fJ;n=
nX
k1;k2=0
pk2 d
k1
 1; 0
2
  k1 k2+n+1
 
 
d
2
+ k1 + k2   n   0

 

J   k1   k2 + n+  02

(n k1 k2)! 
 
d
2
+k1+k2 n   02

 
 
k1+k2 n+   02

 
 
J + k1 + k2   n+    02
 :
(3.32)
The leading term c
(0)
0 in the large spin expansion (1.6) in this case reads
0;`   
2 
J
2
+ 0p () (2J + ) ()   0+12  d 2 02 p
 
 
 0
2

 
 
d
2    0

 
 
   02

 
 
J +    02
 a 0;0
J 0
(3.33)
which reduces to the case of identical external scalar operators for J = 0.
4 Applications: CFTs with slightly broken higher spin symmetry
A possible application of our results is to CFTs with slightly broken higher-spin symmetry
in the large N limit, where the concept of double-twist operator acquires the natural inter-
pretation of a double-trace operator. Such theories have a tower of single-trace operators
of spins `0 = 2; 4; 6; : : :43 and twist  0 = d   2 + O (1=N), which thus become conserved
currents in the limit of large N . For previous work on double-trace anomalous dimensions
in such theories, see [27, 67{73].
These theories have the attractive feature | which we shall sometimes exploit in the
following sections | that the higher-spin symmetry allows to express the contributions
from the tower of higher spin currents to the O (1=N) anomalous dimensions of double-
trace operators in terms of an eective contribution from a scalar operator of twist  0 = d 2
in the higher-spin multiplet:X
`0=0;2;:::
n;`j`0 = O
 
1
N2
 ! X
`0=2;4;:::
n;`j`0 =  n;`j0 +O
 
1
N2

: (4.1)
Here we introduced the notation n;`j`0 which labels the spin `0 of the twist  0 = d   2
operator in the t-channel which generates this contribution to the anomalous dimension of
the double-trace operator [OO]n;`.
In this way, at leading order in 1=N , it is often possible to re-package an innite
sum over higher-spin currents as the exchange of an eective scalar of twist  0 = d   2,
simplifying the analysis. From a bootstrap perspective this means that, to leading order
in 1=N , the anomalous dimensions will be often encoded in the crossing kernels of a scalar
exchange in the crossed-channel.
43It is also possible to have higher-spin currents of each integer spin `0 = 1; 2; 3; : : : but here we will only
consider the minimal spectrum consistent with higher-spin symmetry [62{66].
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In general d, the most well-known are the critical Boson and critical Fermion theories
which involve N scalar or Fermion elds in the fundamental representation where, in ad-
dition to the tower of higher-spin currents, there is a scalar operator of dimension  = 2
in the Bosonic theory and  = 1 in the Fermionic theory. Such scalar operators are usu-
ally denoted by  in the literature but we shall call them O. In the following sections we
shall also consider the special case d = 3, where there are two main classes of theories with
slightly broken higher-spin symmetry [74]: the quasi-Boson ( = 1) and the quasi-Fermion
( = 2) theories in which the fundamental scalars/Fermions are coupled to O (N)k Chern-
Simons gauge elds. The quasi-Boson/Fermion theory is believed to be equivalent to the
critical-Fermion/Boson theory in d = 3 with Chern-Simons coupling [75{77]. It will be
convenient to encode (some of44) the information about these theories at leading order
in 1=N into three eective parameters which encode the deviation from the higher-spin
symmetric point (the free theory):
1 := (cOOO)2   (cfreeOOO)2; (4.2a)
2; = cOOO   cfreeOOO; (4.2b)
3 := cOOOd 2 ; (4.2c)
where by cOOO we mean the OPE coecient of the scalar O with itself in the deformed
theory. The third parameter 3 is an eective parameter which encodes, in the spirit of
equation (4.1), the re-summation of the tower of higher-spin currents into an eective OPE
coecient of a scalar Od 2 of twist  0 = d  2.
4.1 Scalar correlators
Let us rst focus on the exchange of a scalar operator of twist  0 = d   2 in the t-
channel between identical external scalar operators O of dimension , which has various
applications.
The double-trace anomalous dimensions 0;` in this case are given by simply plugging
into the general formula (2.36), which simplies to:
0;` =  23
2d 2 
 
d 1
2

 ()2 (`+ 1) 
  d2 + `+ 2p
 
 
d
2   1

 
  d2 +  + 12    d2 + ` (`+ 2  1) : (4.3)
As a function of , the result for n > 0 becomes increasingly cumbersome for increasing n
and the explicit form is not very instructive. In d = 3, the n > 0 the results simplify a bit
44In the following we shall not consider explicitly the deformation of spinning operator OPE coecients.
In d = 3, for instance, when the Chern-Simons level is non-vanishing such contributions appear [74] due to
the deformation of the corresponding J1-J2-J3 structures away from the free-theory point. They are usually
referred to as \odd" structures, which start contributing when at least two of the operators are spinning.
Taking explicitly into account these additional structure will require the extension to the parity odd case
of the techniques of [12].
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and a few examples read:
1;` =  23(  1)
2 ()2(5 + 2`(2 + `+ 1)  1) (`+ 1)   `+ 2  12
(2  1)     122    `+ 52 (`+ 2 + 1) ; (4.4a)
2;` =  23(  1)
(2 + 1) ()2 (`+ 1) 
 
`+ 2 + 12

8 
 
 + 32
2
 
 
`+ 72

 (`+ 2 + 3)


3
 
4`
 
8`2 + 34`+ 41

+ 51

+ 22(`+ 1)(2`+ 5)
 
2`2 + `  4
+ 4(16`(2`+ 7) + 89)  4(`+ 1)2(`+ 2)(`+ 3)  (`+ 1)2(`+ 2)2

; (4.4b)
...
with expressions of increasing complexity for n = 3; 4; 5; : : : , though for each n > 0 they
are proportional to   1.
For  = 1 and d = 3, relevant for the quasi-Boson theory, we nd in precise agreement
with the results of [72]
0;` =   4
2
1
2`+ 1
; (4.5)
which in this case should be multiplied by the corresponding 1 parameter introduced in
section 4. Moreover, for n > 0, since each n>0;` is proportional to   1 we have
n>0;` = 0; (4.6)
in agreement with the recent result of [27].
Considering again general d while keeping  = 1, the contributions to the n > 0
anomalous dimensions simplies drastically and we obtain the following closed formula:
n;` =  23
2( 1)n
2n!
sin2

d
2

 (d  2)(d  n  2)n
 
 
`+ n+ 2  d2

 
 
d
2 + `+ n
 : (4.7)
As far as we are aware, the result for general n is new. We note that this gives an appealing
extension to general d of the result (4.6) for the vanishing of the sub-leading double-trace
anomalous dimensions in d = 3:45
n>d 3;` = 0: (4.8)
For the critical Fermion theory, (4.7) is the full contribution to the anomalous dimen-
sion since the OPE coecient of the scalar O in the OPE of O with itself must vanish
due to parity. In particular, this means that the leading contribution to n;` in 1=N comes
from the tower of higher-spin currents. As explained at the beginning of section 4, the
contribution from the higher-spin tower is given by the exchange of a scalar operator Od 2
of twist  0 = d  2. The eective OPE coecient 23 multiplying the n;` in (4.7) is given
in accordance with [72] as:
23 =
8
N (d  4) : (4.9)
45From a bootstrap perspective, that the critical Fermion is equivalent to a quasi-Boson theory follows
from higher-spin symmetry - which allows to rewrite an innite sum of conserved currents in terms of an
eective scalar contribution (4.1).
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This recovers the n = 0 anomalous dimensions computed in [72] and moreover allows us to
extend them to arbitrary n. The special case d = 4 requires to consider an -expansion:
n;`

d=4 
=
4( 1)n
n! (2  n)(`+ n)(`+ n+ 1) +O
 
2

; (4.10)
which anyway vanishes for n > 1.
Another interesting case is  = 2 and  0 = d   2. Like the  = 1 case considered
above, the corresponding results for n;` can be used to compute the contribution from
the higher-spin tower to double-trace operator anomalous dimensions in the critical Boson
theory. In this case we have to multiply all results by [72]46
23 =
16(d  3)
N(d  6) : (4.11)
In particular, from (4.3) we immediately have
0;` =  23
8 sin2
 
d
2

 (d  2)    d2 + `+ 4
2(d  4)2(1 + `)(2 + `)   d2 + ` ; (4.12)
recovering the result of [72], and for n = 1 we have
1;` =  23
8 sin2
 
d
2

 (d  2)   `+ 5  d2
2(`+ 1)(`+ 2)(`+ 3)(`+ 4)  
 
d
2 + `+ 1
h 2  d
(d  4)3
  ((d  7)d+ 14)(d`(`+ 5) + 5d  4`(`+ 5)  18)
(d  6)(d  4)3
i
; (4.13)
with increasingly complicated expressions for higher n for general d.47 In the critical Boson
theory there is also a contribution from the scalar of twist  0 = 2, which gives48
0;` =  1 2
(`+ 1)(`+ 2)
; (4.14a)
1;` =  1 2(d+ `(`+ 5) + 2)
(`+ 1)(`+ 2)(`+ 3)(`+ 4)
; (4.14b)
2;` =  1 2(2d
3 + 2d2(`(`+ 7)  3) + d(`(`+ 7)(`(`+ 7)  2)  20)  2(`+ 1)(`+ 6)(3`(`+ 7) + 16))
(d  6)(`+ 1)(`+ 2)(`+ 3)(`+ 4)(`+ 5)(`+ 6) ;
(4.14c)
...
in which case we have to multiply by (see denitions (4.2))49
1 =
1
N
2d(d  3)3 sin  d2    d 32 
3=2(d  4)   d2   1 : (4.15)
46The following results also apply to the critical Boson with Chern-Simons coupling in d = 3, just one
has to multiply by the corresponding 23 which can be extracted from [77].
47In d = 4 there is a simple expression for general n, given by (3.22) with  = 2.
48The expression (4.14a) for 0;` agrees with the result in [27] obtained in d = 3 for the critical Boson
theory with Chern-Simons coupling. The subleading twist results are new.
49As before, this result can also be applied to the critical Boson with Chern-Simons coupling in d = 3,
using instead the corresponding 1 which can be extracted from [77].
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The result (4.14a) was for  = 2, but we can also obtain a closed expressions for 
arbitrary:
0;` =  2(  1)
2( d+ 4 + 2`+ 2)
( + `)2( d+ 4 + 2`)
 6F5
 
1; 1; d2 +  + 1; d2 +  + 1; d4 + `2 +  + 32 ; `+ 2  1
3  d2 ; d4 + `2 +  + 12 ; `+  + 1; `+  + 1; d2 + `+ 2 + 1
; 1
!
: (4.16)
For  = 1 and  = 1 with d arbitrary we get instead:
0;` =  21
2
(`!)2 
  d2 + `+ 2    d2 + `+ 3
 
 
`+ 32
2
 
  d2 + `+ 522 (4.17a)
 7F6
 
1
2 ;
1
2 ;
3
2   d2 ; 32   d2 ; d4 + `2 + 2; `+ 1; d2 + `+ 2
2  d2 ; d4 + `2 + 1; `+ 32 ; `+ 32 ; d2 + `+ 52 ; d2 + `+ 52
; 1
!
...
and so on for higher n according to (2.49).
4.2 Spinning correlators
Here we consider external operators with spin, focusing primarily on four-point correlators
of the type (2.50) in the context of theories with slightly broken higher-spin symmetry. In
this case there is indeed a possibility for double-trace operator mixing (2.57) at O (1=N)
owing to the twist degeneracy of the tower of higher-spin currents (which in this discussion
we denote by OJ) at O (1), which have twist  0 = d  2 +O (1=N) and J = 2; 4; 6; : : :
In the following we work in d = 3 with  = 1 and  0 = 1, as relevant for the quasi
Boson theory. We shall not consider the contribution of exchanges of spinning operators in
the crossed channels, which are proportional to conformal structures dierent from those
of the free boson at O (1=N).50 For the correlator (2.50), when J1 = 0 or J2 = 0 the
crossed-channel scalar crossing kernels contribute to double-trace anomalous dimensions at
this order, which are proportional to the deformation parameter 2 dened in (4.2). From
equation (2.60) we have
c
(0)
OJ1OJ2 [OJ1OJ2 ]
c
(0)
OO[OO]0;` = cOJ1OOcOJ2OO
`! 2` J1 J2+1 
 
J2 + `+
1
2

 (J1   J2 + `+ 1)
 (2`)!  
 
J1 +
1
2

 
 
J2 +
1
2

 
 
3
2   J2 + `

 4F3
 
1
2   J1; J1 + 12 ; 12   J2; J2
1
2 ;
1
2   J2   `; 32   J2 + `
; 1
!
; (4.18)
50I.e. we are not considering the deformation of the OPE structure hOJ1OJ2Oi at this order. In particular,
in the presence of a Chern-Simons term, the J1-J2-0 conformal structure is deformed by some parity
odd structure [74] and such additional 3d conformal structures will induce a term in the 4pt correlator
proportional to the 3 tensor on top of the parity preserving term studied here. It has to be veried how
this term modies to the anomalous dimensions in general.
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where cOJ1OO and cOJ2OO are the OPE coecients of the crossed channel conformal blocks.
Setting J2 = 0 we can also use (2.61) to normalise the result, obtaining:
0;` =  2 cOJ1OO
22 
J1
2
p
 (2J1 + 1)
3=2 
 
J1 +
1
2
 1
2`+ 1
; (4.19)
Remarkably, this result displays the same ` dependence regardless of J1 and reduces to (4.5)
for J1 = 0. Including the J1 dependence in the free Boson OPE coecients in the crossed
channels [78]:
cOJ1OO =
1p
N
22 
J1
2
1=4
s
 
 
J1 +
1
2

 (J1 + 1)
; (4.20)
the above result further simplies to:51
0;` =  16
2
2
2`+ 1
; `  J1; (4.21)
which no longer depends on J1. Instead, for correlators
hOJ1 (x1)O (x2)OJ2 (x3)O (x4)i; (4.22)
the u-channel crossing kernels can induce non-trivial double-trace operator anomalous di-
mensions at O (1=N) with both J1 and J2 non-zero.52 In the following we take J1 = J2 = J .
Complete expressions for such crossing kernels were obtained in [12] for arbitrary ` up to
J = 2, and we quote the result for J = 1 in (B.7). The shadow projection discussed in
this note can be applied with little eort, but the corresponding expressions look rather
lengthy in general. They however simplify drastically in some notable examples, such as
the d = 3 case under consideration with  0 = 1 and  = 1. Considering the contribution
of a scalar exchange in the u-channel, we obtain:
0;` =  16
2
2
2`+ 1
cOJOJO; (4.24)
for J = 1, and
0;` =   64
32
2
2`+ 1
cOJOJO; (4.25)
for J = 2. Plugging in the expression for the corresponding free scalar OPE coecients [79]
cOJOJO =
1p
N
2
5
2
 J 
 
J + 12

p
 (J + 1)
; (4.26)
we then obtain
J = 1 ; 0;` =  8
p
2
2
2
2`+ 1
; `  1 ; (4.27)
J = 2 ; 0;` =  8
p
2
2
2
2`+ 1
; `  2 : (4.28)
51Note that the spin ` of the double-trace operator [OJ1O]` satises by denition `  J1.
52Similarly, for correlators of the type
hOJ1 (x1)O (x2)O (x3)OJ2 (x4)i; (4.23)
such contributions to the double-trace anomalous dimensions come from t-channel crossing kernels.
{ 41 {
J
H
E
P
1
1
(
2
0
1
8
)
0
8
9
The above result is remarkably simple and suggests that, as in the case of (4.21), the
dependence on J disappears from the averages (2.59) while the `-dependence is overall
in the mixing matrix. This result, if conrmed by explicit computation and extended
(plausibly) to more general correlators hOJ1OOJ2Oi using the methods of [12], would
produce a very simple mixing matrix whose entries are independent on ` for the [OJO]`
double-trace operators. It would be very interesting to explicitly verify whether or not this
statement holds when also taking into account the odd conformal structure.53
Acknowledgments
We are grateful to Ofer Aharony and Fernando Alday for useful correspondence, as well as
Shai Chester, Alessandro Vichi and Yifan Wang for useful discussions. M.T. thanks Caltech
and the Simons Bootstrap Collaboration for hospitality and support during the Bootstrap
2018 workshop. C.S. holds a Marina Solvay Fellowship and was partially partially sup-
ported by the European Union's Horizon 2020 research and innovation programme under
the Marie Sklodowska-Curie grant agreement No 793661. The research of M.T. is partially
supported by the European Union's Horizon 2020 research and innovation programme un-
der the Marie Sklodowska-Curie grant agreement No 747228 and by the Russian Science
Foundation grant 14-42-00047 in association with Lebedev Physical Institute.
A OPE data from 6j symbols
In this appendix we discuss the Mellin Barnes integral representation for 6j symbols of
the conformal group and their relation to OPE data. The residues of 6j symbols encode
the coecients of the conformal block expansion of a given CPW into another channel.
These singularities were extracted in [12] in general d for both spinning external operators
and spinning exchanged operators, which was done by directly employing the orthogonality
properties [39, 40] of conformal partial waves in Mellin space. That approach is partially
reviewed in section 1.1 (see e.g. equation (1.23)) and some of the results for the cross-
ing kernels are reviewed in appendix B. Here we discuss the extraction of the conformal
block expansion coecients directly from the 6j symbols and how this is related to the
procedure of [12].
Writing an expression for 6j symbols is straightforward using Mellin space. A bit more
work has to be done to extract the OPE data from a given expression for a 6j symbol, which
entails evaluating a spectral integral. To this end it is convenient to use their representation
as Mellin Barnes integrals, as we discuss below. As far as we are aware, this representation
of 6j symbols was rst adopted for scalar principal series representations by Krasnov and
Louko in [13].
53It is tempting to argue the odd structure will only aect the anomalous dimensions by an overall
-dependent factor at this order due to higher-spin symmetry.
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6j symbols can be dened quite generally for arbitrary totally symmetric operator
representations as:(
O1;`1 O2;`2 O;`0
O3;`3 O4;`4 O~ ;`
)n;n;m; m
(A.1)
=
Z
ddx1d
dx2d
dx3d
dx4 Tr
h
(s) Fn;nd  2`;`(xi; zi) (t)Fm; m;`0 (xi; zi)
i

D
(s) Fn;nd  2`;`(xi; zi)
 (t)Fm; m;`0 (xi; zi)E ; (A.2)
which is the projection of a t-channel CPW onto a s-channel CPW. Above we combined
the conventions and notations of [13] for 6j symbols and [12] for spinning CPWs. The
n, n, m, m label the spinning 3pt conformal structures entering each CPW, see e.g.
subsection 2.2 of [12]. The notation (t)Fm; m;`0 (xi; zi) refers to a t-channel CPW with external
operators O1;`1 , O2;`2 , O3;`3 , O4;`4 and internal operator O;`0 , while (s) Fn;nd  2`;`(xi; zi)
is the s-channel CPW for dual external and internal operators of dimension d i.54 The
shadow of the s-channel CPW appears in the above expression since we are taking the
adjoint with respect to the conformal invariant bilinear form. The (zi) are the standard
auxiliary vectors which package the indices of each spinning CPW. The trace operation is
the traceless contraction of all indices labelled by zi, as implemented for instance in [12, 80].
A simple and straightforward strategy to evaluate the integrals in (A.1) is to re-cast
each CPW as a Mellin integral:
(i)F;` (yi) = 1
(y212)
1
2 (1+2)(y234)
1
2 (3+4)

y224
y214
 1 2
2

y214
y213
 3 4
2 (i)F;` (u; v) ; (A.3a)
(i)F;` (u; v) =
Z
ds dt
(4i)2
ut=2v (s+t)=2fig (s; t)
(i)F;` (s; t) ; (A.3b)
with Mellin measure
fig (s; t) =  
  t+1+2
2

 
  t+3+4
2

     s+t2     s 1+22     s+3 42     s+t+1 2 3+42  ; (A.4)
and we are considering i = s, t, where
(t)F1;2;3;4j;`(s; t) = (s)F1;4;3;2j;`(s  2 + 4; s  t+ 2 + 3): (A.5)
In this way the conformal integrals in (A.1) trivialise and give just:
Z
ddx1d
dx2d
dx3d
dx4
u(t+t)=2v (s+t+s+t)=2 
y212
d  
y234
d = d=2 
 
d+s+s
2

 

t+t d
2

 

d s s t t
2

 
   s2   s2 d  t2   t2  s+s+t+t2  :
(A.6)
54Note that in the spinning case this will also require to determine the corresponding shadow 3pt conformal
structures for each n and n. For the shadow transform of 0-0-` 3pt conformal structures, the shadow
structures coincide with the original structures while in the general spinning case `1-`2-`3 they where
computed in [12] (see appendix A of that paper).
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In the case of external spinning legs, after taking the trace, one is left with analogous scalar
integrals which can be evaluated in Mellin space in exactly the same way.
One can then combine (A.3) with (A.1), and after performing the conformal integral
with (A.6) one ends up with the Mellin Barnes integral representation
(
O1 O2 O;`0
O3 O4 O~ ;`
)
= d=2
Z
ds dt ds dt
(2i)4
 
 
d+s+s
2

 

t+t d
2

 

d s s t t
2

 
   s2   s2 d  t2   t2  s+s+t+t2 
fd ig(s; t)
(s)Fd 1;d 2;d 3;d 4jd  2`;`(s; t) fig(s; t) (t)F1;2;3;4j;`0(s; t)| {z }
M(t)(s;t)
: (A.7)
The Mellin representation of CPWs can be conveniently given in terms of Mack polynomi-
als [36]
(s)F1;2;3;4j;` (s; t) = C`; (i) 
`(t) (s)P`; (s; t) ; (A.8)
where C`; (i) is a coecient (given in our conventions by equation (3.7) in [12]) and

`(t) =
 
 
 t
2

 
 
d 2` t 
2

 
  t+1+2
2

 
  t+3+4
2
 : (A.9)
The Mack polynomial (s)P`; (s; t) is a degree ` polynomial in the Mellin variables s and t.
Explicit expressions for Mack polynomials are complicated in general, however there is a
crucial simplication for t =  , when they are given by orthogonal polynomials [40]
Q`; (s) = C`; (i)  
 
d
2   `  

(s)P`; (s; t = ); (A.10)
which are related to continuous Hahn polynomials as given in equation (1.15).
Let us make some comments:
 From the expression (A.7), 6j symbols appear to be generally quite complicated func-
tions which may simplify in some cases.55 The residues of the 6j symbol in  encode
the OPE data of the expansion of a s-channel CPW into the t-channel. The residues
can be evaluated directly from the Mellin integral expression (A.7) by identifying
the points in which the integration contours are pinched, thus collapsing some of the
Mellin integrals to a single point. At this point the s-channel CPW in (A.7) reduces
to a continuous Hahn polynomial (A.10), as we shall see more concretely below.56
One can then evaluate the remaining Mellin integrals via Barnes Lemmas which gives
an expression for the residues as a sum of 4F3 hypergeometric functions as in [12].
55Simplications also arise when instead of a CPW one considers for M (t) (s; t) in (A.7) simple examples
of CFT correlators proportional to distributions in Mellin space. This is the case for Mean Field Theories
or for instance the free boson and the free fermion theories. In this case the Mellin integrations are reduced
from four to two. An example of such will be demonstrated in the sequel.
56In particular, for the ` = 0 case we consider in (A.23) we evaluate residues at t = d  which, via (A.10),
gives rise to a continuous Hahn polynomial.
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 The Mellin representation (A.7) is a transparent way to express 6j symbols which
naturally encodes the residues for each conformal module in families of Gamma func-
tion poles. We shall demonstrate this below by extracting the residues of 6j symbols
for scalar representations, matching the corresponding result obtained in [12]. The
representation (A.7) and the results we derive from it moreover hold for general d.
Before considering the extraction of residues of 6j symbols from their Mellin Barnes
representation (A.7), let us rst consider a simpler example (mentioned in footnote 55) to
demonstrate how to extract residues in  from Mellin Barnes integrals of the type (A.7).
Mean eld theory OPE coecients. Here we consider the mean eld theory corre-
lation function
hO (x1)O (x2)O (x3)O (x4)i = AMFT (u; v) 
x212x
2
34
 (A.11a)
AMFT (u; v) = 1 + u +
u
v

(A.11b)
for scalar operators O of scaling dimension . The Mellin transform is given by a distri-
bution [81, 82]
MMFT (s; t) = M
(s)
MFT (s; t) +M
(t)
MFT (s; t) +M
(u)
MFT (s; t) (A.12)
with
M
(s)
MFT (s; t) =  (s)  (t) (A.13a)
M
(t)
MFT (s; t) =  (s+ 2)  (t  2) (A.13b)
M
(u)
MFT (s; t) =  (s)  (t  2) : (A.13c)
The expansion of M (t) (s; t) and M (u) (s; t) in the s-channel consists of double-trace oper-
ator [OO]n;` contributions of twist 2 + 2n. This means that (A.7) with M (t) (s; t) =
M
(t)
MFT (s; t) or M
(u)
MFT (s; t) will have poles at  + ` = (2 + 2n)  `, which give the mean
eld theory OPE coecients (1.5).
The s-channel contributions of double-trace operators [OO]n;` in M (t)MFT (s; t) and
M
(u)
MFT (s; t) dier by a factor of ( 1)`, so from this point we shall focus on M (t)MFT (s; t).
We shall also only consider the contributions of scalar double-trace operators (` = 0) for
simplicity.
Since the Mellin representation of the mean eld theory correlator is a distribution in
s and t, the integration over these variables in (A.7) is trivial and we obtainD
(s) F0;0d  ;0
M (t)MFTE (A.14)
=
Z
ds dt
(2i)2
d=2 (d ) (  s2) ( d+s2 ) ( s 
t
2 )
2
 (  d2 + 
t
2) (
t+d 
2 ) (
t+
2 ) (
d s+t 2
2 )
4 ( 2 )
2
 (  d2 ) ( d 2 )
2
 (d+ t2 ) ( s 
t
2
+)| {z }
I
:
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The above Mellin-Barnes form makes the evaluation of residues in  rather straightforward.
Poles in  arise when the integration contour is pinched between poles in the Mellin variable
t belonging to two dierent families of Gamma function poles: one with poles at t = +n
and the other with poles at t =    n, where n = 0; 1; 2; : : : and  and  are real numbers
with at least one of them depending on  .57
Of the three Gamma functions that depend only on t in the numerator of integrand
in (A.14), there are two possible types of pole pinching. The rst is between the Gamma
function pair
 

 d
2
+   t
2

 

t+ d  
2

; (A.15)
which exhibits pole pinching for  = 2 + 2n and whose poles in t consequently give rise
to single poles at  = 2 + 2n. The second is
 

 d
2
+   t
2

 

t+ 
2

; (A.16)
giving single poles at  = d  2  2n corresponding to the shadow conformal multiplets.
We will focus on the non-shadow poles (A.15).
The way to evaluate the residue at  = 2+2n just requires to shift the contour across
the t poles that would pinch the contour when  = 2 + 2n. This requires to evaluate the
residues of the nite number of t poles that are crossed in shifting the contour, and in this
way one removes the pinching when  ! 2 + 2n. Evaluating the t residues:
I(m) = Rest= d 2m [I] ; (A.17)
we obtain:
a0;n = Res=2+2n
h
N0()
 1
D
(s) F0;0d  ;0
M (t)MFTEi (A.18a)
=
Z
ds
2i
Res=2+2n
"
N0;n()
 1
nX
m=0
I(m)
#
; (A.18b)
where we have included the normalisation factor:
N0() =
d=2 
 
d
2   2
2
 
 
d
2

 
 

2
2 (A.19)
and where the leftover Mellin integral reduces to an integral of the type:Z
ds
2i
 
   s22    d+s 2 2n2 2 p(s); (A.20)
p(s) =
Res=2+2n

N0;n()
 1Pn
m=0 I(m)

 
   s22    d+s 2 2n2 2 ; (A.21)
57Note that, in studying the pole pinching in  , it is convenient to rst perform the integral in t. When
performing this integral one can, without loss of generality, analytically continue s in a region such that
no pole pinching can arise for all   functions which depend on s. Evaluating the integral in such regime is
automatically consistent with analytic continuation in s when evaluating the s-integral.
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with p(s) a polynomial in the variable s. We can therefore evaluate the leftover integral
by simple applications of the rst Barnes lemma. Combining everything, performing the
integrations and taking into account the normalisation to read o the actual OPE coecient
we nally recover the known Mean-eld theory OPE [18{20]:
a0;n =
( 1)n()2n
  d2 +  + 12n
n!
 
d
2

n
  d2 + n+ 2n (d  2(n+ ))n : (A.22)
It is interesting to contrast the above computation with the approach taken in [12], which
eectively re-sums the above residues via the action of the twist block operator (this is
briey reviewed in section 3.3). This automatically subtracts away the contributions from
descendants of subleading double-twist operators. In the latter equivalent approach the
above anomalous dimensions are neatly re-summed into continuous Hahn polynomials eval-
uated at specic points.
Residues of scalar 6j symbols. Another instructive example is given by the scalar 6j
symbol, setting again for simplicity i = . In this case, from (A.7) we have the following
Mellin integral:(
O1 O2 O
O3 O4 O~
)
=
d=2 (d  ) ()
16  
 

2
4
 
 

2
2
 
 
d
2   

 
 
d 
2
2
 
 
   d2
 (A.23)

Z
ds dt ds dt
(2i)4
 
 
d+s+s
2

 

 d+t+t
2

 

d s s t t
2

 
   s+s2  d  t2   t2  s+s+t+t2 
    s22     s22   t2  d t 2   s+t2 2   2 t2 2    s+t 2+2   d+s+t 2 2  :
To identify the poles in  from the above it is not much more involved that for the MFT
case considered previously although there are two more Mellin integrals to handle. The
poles at  = 2 + 2n arise from the pinching of the following four  -functions:
 

 d+t+t
2

 

d t 
2

 
 
2 t
2
2
: (A.24)
Imposing that the t and t contour separates the poles of the above  -functions requires:
Re(t) < d   ; Re(t) > d  Re(t) ; Re(t) < 2 : (A.25)
Therefore the t contour has to lie at
Re(t) < d   ; Re(t) > d  2 ; (A.26)
which implies contour pinching for  = 2 + 2n.
Let us focus on leading double-twist operators for ease of presentation, which have
n = 0. As for the MFT example, when contour pinching arises one should simply evaluate
the residues of the oending poles and shift the contour to remove the pinching. The n > 0
case thus follows in the same way as for the n = 0 case, just there are more residues to
{ 47 {
J
H
E
P
1
1
(
2
0
1
8
)
0
8
9
evaluate. For the case at hand one has to simply evaluate the residues at t = d   t and
t = d   , giving(
O1 O2 O
O3 O4 O~
)
=
d=2 () (d  )     22
4 
 
d
2

 
 

2
4
 
 

2
2
 
 
d
2   

 
 
d 
2
2 (A.27)

Z
ds ds
(2i)4
 
   s22      s22    d+s 2 2     s 2++2    d+s 2 +2 + : : : ;
which now explicitly displays innitely many double poles58 at  = 2+2n. The remaining
two Mellin integrals nicely reduce to the application of the rst Barnes lemma twice. In
the spinning case the above integrand would be dressed by a polynomial in s and s, whose
integral reduces again to the application of the rst Barnes lemma. After performing the
remaining integrals we arrive to:(
O1 O2 O
O3 O4 O~
)
=
d=2 () 
 
d 
2
2
 
 
  2
2
 
  2++
2
2
 
 
d 2 +
2
2
4 
 
d
2

 
 

2
4
 
 

2
2
 
 
d
2   

 
 
d
2   2 + 
 + : : : :
(A.28)
Taking into account the normalisation N0() in (A.19) we nally obtain:
1
N ;0
(
O1 O2 O
O3 O4 O~
)
=
 () 
 
  2
2
 
  2++
2
2
 
 
d 2 +
2
2
4 
 

2
4
 
 
d
2   

 
 
d
2   2 + 
 + : : : : (A.29)
The above precisely matches the result for the crossing kernel obtained in [12]:
J
(t)
;0j0 (t) =
 () 
 
t 2+
2
2
 
 
d+t 2 
2
2
 
 

2
4
 
 
d
2   

 
 
d
2 + t  2
 ; (A.30)
where we have re-expressed in terms of the conventions of [12], which replaces  in (A.30)
with t and divides by the  -function factor 14 
 
  2
2
which in the conventions of [12]
appears within the Mellin measure .
Finally, taking the coecient of the double pole in (A.30) at  = 2 reproduces the
anomalous dimension (3.1) for ` = 0:
CPW0;0
2
=
 () 
 
d 
2
2
 
 
d
2

 
 

2
2
 
 
d
2   
 ; (A.31)
where we have divided by the mean eld theory coecient (A.22) for n = 0.
It is interesting to contrast with the approach in [12], which obtained both the crossing
kernel (A.30) and spinning generalisations in a more streamlined way by using directly the
orthogonality properties of CPWs in Mellin space to project onto a given crossed channel
58We remind the reader that in order to extract the the full residue at  = 2 + 2n we have to take into
account more contour pinching for n > 0, as we did in the MFT example. We do not present the explicit
computation for brevity here and it follows along the same lines as for the MFT example.
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conformal block (see e.g. equation (1.23)).59 Non-the-less, their Mellin-Barnes integral
representation (A.7) is a convenient way to express the 6j symbol since it exhibits the
poles in  transparently and is valid for general d, which allows the systematic extraction
of all residues | as we have just demonstrated.
B Review: crossing kernels
In order to be as self contained as possible, in this appendix we give some of the expressions
derived in [12] for crossing kernels of conformal partial waves. In appendix B.3 we also
give the resulting expressions upon projecting away the contributions from the shadow
conformal multiplet following the approach outlined in section 1.1.
B.1 External scalar operators
We rst give the expressions for identical scalar operators of scaling dimension  in general
dimensions d.
The crossing kernel J
(t)
 0;`0j` (t) of a t-channel conformal partial wave for the exchange
of a spin `0 primary operator of twist  onto leading twist t = 2 double-trace operators
of spin ` in the s-channel reads [12]
J
(t)
;`0j` (2)
J
(t)
;0j0 (2)
= Z`0
`0X
p=0
`0 pX
k=0
a`
0
p;k 4F3
 
p  `; `+ p+ 2  1; d 2   k; 2 + `0   k
d
2 ; + p; + p
; 1
!
; (B.1)
where
J
(t)
;0j` (2) =
 () 
 
d 
2
2
 
 
d
2

 
 

2
2
 
 
d
2   
 ; (B.2a)
Z`0 =
2`
0   +1
2

`0
 
 + 1  d2

`0 

2

`0 (d  `0      1)`0
; (B.2b)
a`
0
p;k =

`0
p
p
 22 ` 2   (`+ )  (`+ p+ 2  1)
(`  p)!   `+   12  (p+ )2 `0p;k ; (B.2c)
`
0
p;k(t) =

`0   p
k
 d+2p 2
2

k
d+2`0 2
2   k

k
: (B.2d)
For identical external scalars the crossing kernels of u-channel CPWs are proportional
to t-channel crossing kernels (B.1) up to a ( 1)`+`0 factor.
59In particular, this approach uses that the primary operator contribution in a CPW is given by a
continuous Hahn polynomial in Mellin space [40]. See e.g. (A.10). It is instructive to note that continuous
Hahn polynomials reappear naturally in the process of evaluating the residues of 6j symbols, when collapsing
some of the integrals to single out the pole location. These two procedures to extract the OPE data are
completely equivalent and encode the same information.
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B.2 External spinning operators
Similar expressions have been obtained for crossing kernels with external spinning legs [12].
We restrict to the crossing kernels of CPWs with an exchanged scalar primary operator
(so `0 = 0) of twist  .
For four-point correlators of the type (2.50) involving two spinning operators of twists
1 and 2, and spins J1 and J2, the t-channel and u-channel CPWs are unique and read [12]
(t)J;0j` = Ct
( 2) J1 J2+` (J1   J2 + `+ 1) (J1 + J2 + `+ 1 + 2   1)
(`  J1   J2)!  (2J1 + 1) (2`+ 1 + 2   1) (B.3)
  

2J1++1 4
2

 

2J2++2 3
2

 

d+2J1 +1 4
2

 

d+2J2 +2 3
2

 

2`+1+2+3 4
2

 

2J1+2J2+1+2+3 4
2

 

d+2J1+2J2+1+2 3 4
2

4 F3
 
J1+J2 `; J1+J2+`+1+2 1; d2 + J1    1+42 ; J1 + +1 42
2J1 + 1;
d+1+2 3 4
2 + J1 + J2; J1 + J2 +
1+2+3 4
2
; 1
!
;
and
(u)J;0j` = Cu
2 J1 J2+` ( J1 + J2 + `+ 2) (J1 + J2 + `+ 1 + 2   1)
(`  J1   J2)!  (2J2 + 2) (2`+ 1 + 2   1) (B.4)
  

2J1++1 3
2

 

2J2++2 4
2

 

d+2J1 +1 3
2

 

d+2J2 +2 4
2

 

2`+1+2+3 4
2

 

2J1+2J2+1+2+3 4
2

 

d+2J1+2J2+1+2 3 4
2

4 F3
 
J1 + J2   `; J1 + J2 + `+ 1 + 2   1; d +2 42 + J2; J2 + +2 42
2J2 + 2;
d+1+2 3 4
2 + J1 + J2; J1 + J2 +
1+2+3 4
2
; 1
!
;
where we focused on the crossing onto double-trace operators of leading twist t = 1 + 2
and
Ct = d ;0 J2;0;0;2;3; ( 1)
J1+J2
 
 

2 +
4
2   12

 
 
d
2 +
3
2   2   22

 
 
J1 +

2 +
1
2   42

 
 
d
2 + J2 +
2
2   2   32
 ;
(B.5)
and
Cu = d ;0J2;0;0;2;4; ( 1)
J2
 
 

2 +
3
2   12

 
 
d
2 +
4
2   2   22

 
 
J1 +

2 +
1
2   32

 
 
d
2 + J2 +
2
2   2   42
 :
(B.6)
The above reduces to (B.1) for scalar exchange when J1 = J2 = 0. In general these
expressions give contributions to the weighted average of anomalous dimensions of leading
twist double-trace operators [OJ1OJ2 ] and [OO] whenever 1+2 = 3+4. If 1+2 6= 3+4
the above crossing kernels encode corrections to the double-trace operator OPE coecients.
With similar techniques it is also possible to obtain crossing kernels for correlators of
the type (4.22) and (4.23), to obtain contributions to the weighted average of anomalous
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dimensions of double-trace operators [OJO]. For instance, for spin J = 1 we obtained [12]:
CPW0;` = 
CPW
0;1
2(d  )(   1   2)
(d   + 1 + 2)
"
4F3
 
1  `; d2   2 ; 2 ; `+ 1 + 2
d
2 + 1; 1 + 2; 2
; 1
!
(B.7)
+
d(1 + 2)
2(d  )(   1   2) 4F3
 
1  `; d2   2 ; 2 ; `+ 1 + 2
d
2 ; 1 + 2; 2
; 1
!
+
(d  )(`+ 2   1)(`+ 1 + 2)
4(d+ 2)2(2`+ 1 + 2   1) 4F3
 
1 `; d2   2 + 1; 2 + 1; `+ 1 + 2 + 1
d
2 + 2; 1 + 2; 2 + 1
; 1
!
+
(`  1)(   d)(`+ 1)
4(d+ 2)2(2`+ 1 + 2   1) 4F3
 
2  `; d2   2 + 1; 2 + 1; `+ 1 + 2
d
2 + 2; 1 + 2; 2 + 1
; 1
!
  ( + 2)(d   + 2)
4(d+ 2)
4F3
 
1  `; d2   2 ; 2 ; `+ 1 + 2
d
2 + 2; 1 + 2; 2
; 1
!#
;
where
CPW0;1 =
2 2 
 
+1
2

(d+ 2  )   d 2 2p
 
 
d
2 + 1

(   2)    2   d2    : (B.8)
B.3 Shadow projection
To remove the contributions from the shadow conformal multiplet in conformal partial
waves (1.21) we follow the procedure outlined in section 1.1, which employs the Mellin
representation of the 4F3 hypergeometric functions in the crossing kernels to project away
the shadow poles. For the crossing kernels (B.3) and (B.4), in this way we obtain
(t)I;0j` =
( 1)`+12 J1 J2+` () (J1 J2+`+1) (`+ 12 +
2
2
+
3
2
  4
2 ) (J2+`+
1
2
+2+
4
2
  
2
 1)
 (2`+1+2 1) ( 2 +
4
2
  1
2 ) (

2
+
3
2
  2
2 ) (J1+
1
2
+
4
2
  
2 ) (J2+
2
2
+
3
2
  
2 ) ( J2+`+ 2 +
1
2
  4
2
+1)
4 F3
 
 J2 + 2   22   32 + 1;  d2   J2 + 2   22 + 32 + 1; J1 + 2   12   42 + 1; J1 + 2 + 12   42
  d
2
+  + 1; J2 + `+ 2 + 12   42 + 1; J2   `+ 2   12   2   42 + 2
; 1
!
;
(B.9)
and
(u)I;0j` =
( 1)`+1 J1 ( 2) J1 J2+` () ( J1+J2+`+2) (`+ 12 +
2
2
+
3
2
  4
2 ) (J1+`+1+
2
2
+
4
2
  
2
 1)
 (2`+1+2 1) ( 2 +
3
2
  1
2 ) (

2
+
4
2
  2
2 ) (J1+
1
2
+
3
2
  
2 ) (J2+
2
2
+
4
2
  
2 ) ( J1+`+ 2 +
2
2
  4
2
+1)
4 F3
 
 J1 + 2   12   32 + 1;  d2   J1 + 2   12 + 32 + 1; J2 + 2   22   42 + 1; J2 + 2 + 22   42
  d
2
+  + 1; J1   `+ 2   1   22   42 + 2; J1 + `+ 2 + 22   42 + 1
; 1
!
:
(B.10)
B.4 Expanding crossing kernels in terms of Wilson polynomials
While expanding crossing kernels in a basis of Wilson polynomials is a straightforward
task, it can be quite cumbersome in general. In this section we present a general method
to work out such an expansion for crossing kernels expressed in terms of the hypergeometric
functions, considering explicitly the example of crossing kernels for external scalars reviewed
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in (B.1).60 To this end, it is sucient to obtain such a decomposition of the following type
of hypergeometric function:
4F3
 
p  `; `+ p+ 2  1; d4  m+ `
0
2   i2 ; d4  m+ `
0
2 +
i
2
d
2 ; + p; + p
; 1
!
=
X
j

(`0)
`;j W` j(2; d+2`
0
4 ;
d+2`0
4 ; d 2`
0
4 + ; d 2`
0
4 + ); (B.11)
or more generally
H(`)`0;p;m(2; ai)  4F3
 
p `; a1+a2+a3+a4 2`0+`+p 1; a1 m  i2 ; a1  m+ i2
a1 + a2   `0; a1 + a3   `0 + p; a1 + a4   `0 + p ; 1
!
=
X
j

(`0)
`;j W` j(2; ai) : (B.12)
The coecients 
(`0)
`;j can then be extracted using the orthogonality of Wilson polynomials:

(`0)
`;j =
1
N` j
Z +1
 1
d
2
w(ai)H(`)`0;p;m(2; ai)W` j(2; ai) ; (B.13)
where the normalisation factor N` is dened as
N` 
Z +1
 1
d
2
w(ai)W`(2; ai)W`(2; ai)
=
`!(a2 + a3)`(a2 + a4)`(a3 + a4)`(a1 + a2 + a3 + a4 + `  1)`
(a1 + a2)`(a1 + a3)`(a1 + a4)`(a1 + a2 + a3 + a4)2`
  (a1 + a2) (a1 + a3) (a1 + a4) (a2 + a3) (a2 + a4) (a3 + a4)
 (a1 + a2 + a3 + a4)
: (B.14)
In order to evaluate the above integral we simply applied a case of Barnes' Lemma (which
at the level of the 7F6 is equivalent to Dougall's Theorem).
Going back to the integral representation (B.13) for the coecients 
(`0)
`;j , one eective
strategy is to consider an expansion of the functions H(`)`0;p;m(2; ai) in terms of telescopic
Pochhammer symbols
 
a1 +
i
2

k1
 
a1   i2

k1
, while at the same time expanding the Wilson
polynomial in
 
a2 +
i
2

k2
 
a2   i2

k2
. Such an expansion takes the form:
H(`)`0;p;m(2; ai) =
X`
k=0
kX
q=0
hk;q (a1 +
i
2 )q(a1   i2 )q ; (B.15)
with
hk;q =
 (m+1)( 1)q k (k+1) (2a1 m+k)
 (q+1) (k q+1) (2a1 m+q) (m k+q+1) (B.16)
 ( 1)k (` p+1) (a1+a2 J) (a1+a3 J+p) (a1+a4 J+p) (a1+a2+a3+a4 2J+k+`+p 1) (k+1) ( k+` p+1) (a1+a2 J+k) (a1+a3 J+k+p) (a1+a4 J+k+p) (a1+a2+a3+a4 2J+`+p 1) :
60For the case of external spinning operators, the spinning crossing kernels we consider in this work
(which are reviewed in appendix B.2) are for an exchanged scalar (`0 = 0) in the crossed channel. It has
already been observed in [12] that the latter crossing kernels are proportional to a Wilson polynomial, and
the result is recalled in equation (2.51).
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In this way, the integral (B.13) for the coecients 
(`0)
`;j reduces to a sum of spectral integrals
of Wilson polynomials, which can be evaluated explicitly:

(`0)
`;j =
jX
k;q=0
h` k;` k q (B.17)
 1N` j
Z +1
 1
d
2
w(a1 + q; ai>1)W` j(2; ai)| {z }
( 1)j ` (q+1) (a1+a2+q) (a1+a3+q) (a1+a4+q)(a1+a2+a3+a4 2j+2` 1) (a1+a2+a3+a4 j+` 1)
 (a1+a2) (a1+a3) (a1+a4) ( j+`+1) (j `+q+1) (a1+a2+a3+a4 j+`+q)
;
where in order to bound the summation at k = j and q = j we have taken into account
that any polynomial of degree lower than the degree of the Wilson polynomial cancels in
the above sum. The above coecients can be combined with eq. (B.1) to give the full
decomposition of the crossing kernels in terms of Wilson polynomials:
bJ(t)d
2
+i;`0j` (2) =
2`0X
j=0

(`0)
`;j W` j(2; d+2`
0
4 ;
d+2`0
4 ; d4 +  + `
0
2 ; d4 +  + `
0
2 ); (B.18)
with

(`0)
`;j =

d 1
2 ( 1)`0 22 `0+` 2 ()2 (`+ 1)   `+   12
 
 
d
2

 (`+ ) (`+ 2  1)
`0X
p=0
`0 pX
i=0
a`
0
p;i

(`0)
`;j ; (B.19)
which can be expressed as the double-sum of a product of two hypergeometric functions:

(`0)
`;j =
d=2( 1)j+`0+`2 `0J(2 2j+2`0+2` 1) `!  ()2 (`0) (2`0+` j+2 1)
(` j)! ( d2 1) ( d2 +`0 1) ( d2 +`0) (`0+)2 (`+2 1)
(B.20)

`0X
i=0
jX
k=0
( 1) k ( d2 +i 1) ( d2 i+`0 1) (2` k+2 1) ( d2 +`0+` k) (`0+` k+)2
i!k!(`0 i)!(j k)! ( d2 k+`) (` k+)2 (2`0 j k+2(`+))
 4F3
 
 k; d2 + i  1; i  `0; k + 2`+ 2  1
d
2   1; `  k + ; `  k + 
; 1
!
 4F3
 
 i; k   j; d2 + i  `0 + k   `+ 1; j   2`0 + k   2`  2 + 1
 d2   `0 + k   `+ 1; k   `0   `  + 1; k   `0   `  + 1
; 1
!
:
Below we list some simplied expressions for specic (low) values of `0:
`0 = 0:

(0)
`;0 =
d=2
 
 
d
2
 ; (B.21)
`0 = 1:

(1)
`;0 =  
d=2(d+ 2`)( + `)(2 + `  1)(2 + `)
42 
 
d
2 + 1

(2 + 2`  1) ; (B.22a)

(1)
`;1 =
d=2`( d+ 2 + 2)(2 + `  1)
42 
 
d
2 + 1
 ; (B.22b)

(1)
`;2 =
d=2(`  1)`( + `  1)( d+ 4 + 2`  2)
42 
 
d
2 + 1

(2 + 2`  1) : (B.22c)
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`0 = 2:

(2)
`;0 =
(d 1)d=2(d+2`)(d+2`+2)(+`)(+`+1)(2+` 1)(2+`)(2+`+1)(2+`+2)
16d2(+1)2 ( d2+2)(2+2` 1)(2+2`+1)
; (B.23a)

(2)
`;1 =
d=2`(d+2`)(+`)(2+` 1)(2+`)(2+`+1)(d(d 2 3)+2(+`))
8d2(+1)2 ( d2+2)(2+2` 1)
; (B.23b)

(2)
`;2 =
d=2(` 1)`(2+` 1)(2+`)
8d2(+1)2 ( d2+2)(2+2` 3)(2+2`+1)

d3
 
3  3  2 + 2`+ (`  1)`+ 2 (B.23c)
+ d2
 
123   19 + 2(24`  1) + 2`(6`+ 5) + 11(`  1)`  8
+ 2d

(15  4(( + 2)  2)) + 2`4 + (8  4)`3 +  62   22  6 `2
  2(2  1)(( + 7) + 4)`+ 5

+ 4

(  1)3(2 + 1) + 3`4 + 6(2  1)`3
+ ((17  18) + 2)`2 + ((10  17) + 4)`+ `

;

(2)
`;3 =
d=2(` 2)(` 1)`(+` 1)(2+` 1)(d 4 2`+2)(d(d 2 3) 2(+` 1))
8d2(+1)2 ( d2+2)(2+2` 1)
; (B.23d)

(2)
`;4 =
(d 1)d=2(` 3)(` 2)(` 1)`(+` 2)(+` 1)(d 4 2`+2)(d 4 2`+4)
16d2(+1)2 ( d2+2)(2+2` 3)(2+2` 1)
: (B.23e)
C Expansion in inverse powers of conformal spin
The large spin expansion naturally arranges in terms of the conformal spin [21]
J2 =
 
`+
n;`
2
  
`+
n;`
2   1

: (C.1)
In this appendix we give further details on how to perform the large spin expansion at
the level of the crossing kernels via the Mellin representation (1.32) of the hypergeometric
function 4F3 which encodes their dependence on `.
In particular, this dependence is generally encoded in the following ratios of Gamma
functions at the level of the Mellin integrand:
 (`+ 1) (`  s+ n;`   1)
 (`+ s+ 1) (`+ n;`   1) =
 
 
  n;`2 + 1

 
 
  s+ n;`2   1

 
 
+
n;`
2   1

 
 
+ s  n;`2 + 1
 ; (C.2)
where, to make the expansion in 1=J manifest, it is useful to express the dependence on `
in terms of  = `+
n;`
2 , which is done in the second equality. This has the general structure
 (  )
 (+ )
 (  )
 (+ )
: (C.3)
In this way we can use the following asymptotic expansion for simple ratios of Gamma
functions in  [24, 54]:
 (  )
 (+ )
=
1X
j=0
 (2j + 2)
 (2)(2j)!
B
(1 2)
2j
 
1 2
2

(  12)2 2j (C.4)
=
1X
j=0
 (2j + 2)
 (2)(2j)!
B
(1 2)
2j
 
1 2
2
 
(+ 1)| {z }
J2
+14
  j
;
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in terms of generalised Bernoulli polynomials B
(n)
2j . Binomially expanding the factor en-
coding the dependence on J, we obtain the following expansion in 1=J2:
 (  )
 (+ )
=
1X
i=0
1X
j=0
 (2j + 2)
 (2)(2j)!
B
(1 2)
2j
 
1 2
2

4 i
   j
i

J 2(+j+i) (C.5)
This then gives
 (  )
 (+ )
 (  )
 (+ )
=
1X
ia=0
1X
ja=0
 (2j1 + 2)
 (2)(2j1)!
 (2j2 + 2)
 (2)(2j2)!
B
(1 2)
2j1
 
1 2
2

B
(1 2)
2j2

1 2
2

 4 i1 i2
   j1
i1
    j2
i2

J 2(++j1+i1+j2+i2)

1X
k=0
dk;J
 2(++k); (C.6)
where for convenience we have dened the coecients:
dk; =
X
i1+i2+j1+j2=k
 (2j1 + 2)
 (2)(2j1)!
 (2j2 + 2)
 (2)(2j2)!
B
(1 2)
2j1
 
1+2
2

B
(1 2)
2j2

1+2
2

(C.7)
 4 i1 i2
   j1
i1
    j2
i2

;
which are polynomials in  and .
D Sub-leading twist Dj
Here we list the coecients Dj dened in equation (2.42) for few values of n. Note that
in (2.42) we take  = d2 + i.
n = 0:
D0 =
1
2
(D.1)
n = 1:
D0 =
(d  2( + 1))(   2)2
2(d  2) [d  2  (   2)   2] ; (D.2a)
D1 =
(d  2( + 1))( d+ 2 + )2
2(d  2) [(d  3)d+ 2( +  + 1) + (   2d)] ; (D.2b)
{ 55 {
J
H
E
P
1
1
(
2
0
1
8
)
0
8
9
n = 2:
D0 =
(d  2( + 2))( 2 +    2)2(   2)2
4(d  2)(d  2 + 2)

4(d 2 3)  43(d 2 3)  42(d 2 3)2
+ 8(d  2  3)(d  2( + 1)) + 2(d  2( + 1))2(d  2( + 2))

(D.3a)
D1 =
(d  2( + 2))(   2)2( d+ 2 + )2
2(d  2 + 2)(d  2( + 1))

  2(d  2  3)  d2   4d+ 8 + 8
+ 2(d  2( + 1))  d3   2d2( + 2) + d(4 + 2)  4  2 +   1
+ 4( d+ 2 + 3) + 2d3(d  2  3)  4d(d  2  3)(d  2( + 1))

(D.3b)
D2 =
(d  2( + 2))( d+ 2 + )2( d+ 2 +  + 2)2
4(d  2)(d  2( + 1))

d5 2d4 11d4+24d3+46d3 16d22
  92d2  92d2 + 56d2 + 4(d  2  3)  4(d  1)3(d  2  3)
+ 22(d(3d  8) + 4 + 6)(d  2  3)  4(d  1)(d  2  3)  (d  2)2 + 4
+ 144d + 88d  163   642   80  32

(D.3c)
n = 3:
D0 =
(d  2( + 2))(d  2( + 3))( 2 +    4)2( 2 +    2)2(   2)2
12(d  2)(d  2 + 2)(d  2 + 4)


12(d  2( + 1))  3d2   12d( + 2) + 12( + 4) + 44
+ 22
  9d3 + 54d2( + 2)  2d(54( + 4) + 205) + 4(18( + 6) + 205) + 484
+ 6( d+ 2 + 5) + 65(d  2  5) + 4(d  2  5)(9d  18  34)
  123(3d  6  8)(d  2  5) + 6(d  2( + 1))2(d  2( + 2))(d  2( + 3))

(D.4a)
D1 =
(d  2( + 2))(d  2( + 3))( 2 +    2)2(   2)2( d+ 2 + )2
4(d  2)(d  2 + 4)(d  2( + 1))


  4(d+ 1)(d  2( + 1))  3d2   12d( + 2) + 12( + 4) + 44
  22  12((d 7)d+28)2 4d(d(3d 19)+61)+d(d(d(3d 26)+78) 146)+723+452+164
+ 2(d 2(+1))  12((d 1)d+4)2+6d(d(7 2d)+8)+d(d(3(d 7)d+8)+148)+243 8(15+26)
+ 6(d  2  5)  2(d+ 1)5(d  2  5) + 4((d  7)d+ 18 + 26)(d  2  5)
+ 4(d+ 1)3(d  2  5)(3d  6  8)

(D.4b)
D2 =
(d  2( + 2))(d  2( + 3))(   2)2( d+ 2 + )2( d+ 2 +  + 2)2
4(d  2)(d  2 + 2)(d  2( + 2))


3d6   d5(12 + ( + 14) + 37) + d4  122 + 2(( + 26) + 61) + ((4 + 37) + 146) + 164
  2d3  242( + 3) + 4  ( + 7)2 + 60+ (((3 + 28) + 139) + 260) + 152
+ d2(963 + 482((2 + 7) + 12) + 4(((3( + 10) + 149) + 280) + 188)
+ ((((4 + 47) + 264) + 732) + 816) + 80) + d( 1923( + 1)  242(((4 + 13) + 42) + 18)
  4(((((2+13)+108)+260)+388)   72)  (((((+22)+111)+452)+772)+672)+656)
+ (2 + 5)6 + 2(2 + 5)5 + 2(2 + 5)(9 + 13)4 + 8(2 + 5)(3 + 4)3
+ 8((6(3+14)+113)+41)2+32(+1)(3(+4)+11)+32(+1)(3((+2)   5)  26)

(D.4c)
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D3 =
(d  2( + 2))(d  2( + 3))( d+ 2 + )2( d+ 2 +  + 2)2( d+ 2 +  + 4)2
12(d  2)(d  2( + 1))(d  2( + 2))


d7   2d6( + 3 + 10) + d5(12( + 4) + 3(5 + 32) + 163)
  d4  362 + (6(5 + 34) + 410) + ((20 + 189) + 610) + 704
+ d3
 
722(2 + 5) + 8(((5 + 42) + 160) + 210) + (((15 + 196) + 900) + 1976) + 1744

  2d2(723 + 362(3( + 4) + 20) + (3(((5 + 44) + 248) + 600) + 1792)
+ (((3( + 19) + 326) + 1032) + 1720) + 1240) + d(963(3 + 5) + 722(((2+9)+30)+34)
+ 4((((3(+8)+194)+630)+1180)+960)+(((((+36)+229)+956)+2260)+3040)+1872)
  964   483(3( + 2) + 14)  122(3( + 2)(( + 2) + 20) + 136)
  2((+2)((+2)((+2)+67)+552)+816)   (+2)(5(+2)((+2)+22)+528)  576

(D.4d)
Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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